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a b s t r a c t
We have developed a volume of ﬂuid (VoF)/projection method for simulating droplet-laden incompressible turbulent ﬂows with uniform density and viscosity. The method is mass-conserving, wisp-free, and
consistent (i.e., the VoF function, C, satisﬁes the condition 0 6 C 6 1).
First, we present the results of the VoF method for tracking volumes of initially spherical shape and
with zero surface tension in analytical velocity ﬁelds (linear translation, solid-body rotation, single-vortex ﬂow, and Taylor–Green vortex) and in incompressible isotropic turbulence at Rek0 = 75 and 190. These
numerical tests show that (i) our VoF method is mass-conserving, consistent, and wisp-free; (ii) for a CFL
number of 0.1, the VoF geometrical error has almost a second-order convergence rate for a mesh
resolution with more than 10 grid points per diameter; (iii) in the isotropic turbulence case, a resolution
of about 32 grid points per diameter of the sphere is required in order to limit the VoF geometrical error
below 1%. Then, in order to simulate droplet-laden ﬂows, we have adopted the continuum surface force
(CSF) model to compute the surface tension force. We have modiﬁed the sequence of the VoF advection
sweeps, and show that, in the case of droplet in a translating reference frame, the r.m.s. of the spurious
currents is about 1% of the translating velocity. Finally, we present DNS results of fully-resolved dropletladen incompressible isotropic turbulence at Rek0 ¼ 75 using a computational mesh of 10243 grid points
and 7000 droplets of Weber number Werms ¼ 0:5, and initial droplet diameter equal to the Taylor lengthscale of turbulence.
Ó 2014 Elsevier Ltd. All rights reserved.

1. Introduction
The computational methods to perform fully-resolved simulations of multiphase ﬂows fall into two main categories: 1. interface
capturing methods (ICM), such as the volume of ﬂuid (VoF) [1] and
the level-set [2] methods; 2. interface tracking methods (ITM),
such as the front tracking [3] and the immersed boundary [4]
methods. Both ICM and ITM are designed to compute (capture or
track) sharp interfaces, and can be used on a ﬁxed Cartesian mesh.
Mass conservation, the ability to compute strong deformations of
the interface, and interface topology changes due to break-up
and coalescence are highly desirable features in the simulations
of multiphase ﬂows, e.g. gas–liquid and liquid–liquid. Interface
topology changes need ad hoc modeling in ITM [3], whereas they
are directly captured by the ICM [5].
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Among the ICM, the level-set is a widely used method where a
distance function to the interface is advected with the ﬂow
throughout the computational domain in place of the interface
itself, thus avoiding the need to advect a discontinuous function.
The drawback of the level-set method is that it does not conserve
mass even when coupled with a particle tracking method [6]. In
the VoF method, instead, the advection equation of the volume
fraction is directly solved for, thus, the VoF method could potentially conserve mass exactly. Limits to this potential may only
come from the numerics adopted. A color function representing
the volume fraction of the reference phase is advected geometrically and the interface is reconstructed from this function typically
with a piecewise linear representation.
VoF advection schemes can be broadly classiﬁed as either direction split or unsplit schemes. Split advection schemes consist of a
sequence of one-dimensional advection and reconstruction steps
in each coordinate direction, thus they are algorithmically straightforward to implement compared to multidimensional (unsplit)
schemes. On the other hand, unsplit methods have the advantage
of only requiring one advection and reconstruction step per time
step, however the advection step is often algorithmically complex.
This is because unsplit methods require either the computation of
a ﬂux polyhedron for each cell face [7] or calculation of polyhedra
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volumes with non-planar surfaces requiring triangulation [8]. In
our experience, these geometric calculations are the computational
bottleneck of the VoF advection scheme. Thus, the computational
savings of the unsplit versus the split method (if any) are likely
to be small. Furthermore, unsplit methods do not necessarily conserve mass to zero machine precision [8]. For these reasons, we
chose to adopt a split mass-conserving VoF advection approach.
This paper presents a numerical methodology to perform DNS
of droplet-laden incompressible turbulent ﬂows with uniform density and viscosity. This is a necessary step to verify that the numerical method is accurately simulating the motion of ﬁnite-size
droplets, i.e., volume tracking and surface tension computations,
before we can develop a coupled ﬂow solver where density and
viscosity variations occur between the droplet and the surrounding
ﬂuid (such a ﬂow solver has been developed in Ref. [9]). We
adopted the volume of ﬂuid (VoF) method because of its potential
to conserve mass with zero-machine accuracy. The VoF advection
is performed through a spatially split approach, i.e., the Eulerian
implicit - Eulerian algebraic - Lagrangian explicit (EI-EA-LE) algorithm which was originally proposed by Scardovelli et al. [10].
We chose EI-EA-LE over the EILE-3D algorithm [11] because EIEA-LE requires half the number of advection and reconstruction
steps and does not require the calculation of three two-dimensional divergence-free velocity ﬁelds. Thus, EI-EA-LE is at least
two times computationally faster than EILE-3D. The original
EI-EA-LE algorithm [10] is globally mass-conserving but generates
wisps, and does not conserve the mass of the individual volumes
tracked in the ﬂow. We have improved this method with the addition of a redistribution and a wisp suppression algorithm. Our
method is consistent (i.e., the volume of ﬂuid function, C, satisﬁes
the condition 0 6 C 6 1) and wisps-free and, thus, conserves mass
both globally and locally within each volume tracked. We also
present and analyze the numerical treatment of the surface tension
force within a projection method combined with our VoF method.
The surface tension effects are treated with the continuum surface
force (CSF) approach proposed by Brackbill et al. [12] and adapted
to the VoF method by Francois et al. [13].
We present the governing equations for droplet-laden ﬂows in
Section 2, the projection method in Section 3, the VoF interface
reconstruction and advection algorithms in Section 4, and the
method to compute the interface curvature in Section 5. In Section 6, we present the numerical results for the volume-tracking
test-cases (zero surface tension), and for the coupled droplet-ﬂow
cases (non-zero surface tension). In Section 7, we give the concluding remarks.

The non-dimensional governing equations for a droplet-laden
incompressible ﬂow are the continuity and momentum
(Navier–Stokes) equations,

ð1Þ
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where uðx; tÞ is the ﬂuid velocity, pðx; tÞ is the pressure, qðx; tÞ is the
density, lðx; tÞ is the viscosity, and f r ðx; tÞ is the force per unit
volume due to the surface tension,

f r ¼ rjndðx  xs Þ:

Re ¼

ee
U
L
;
m~

We ¼

ð4Þ

q~ Ue 2 eL
;
r~

ð5Þ

e e
~; q
~ and r
~ denote respectively the reference dimenL; m
where U;
sional velocity, length, kinematic viscosity, density, and surface
tension coefﬁcient used to normalize the Navier–Stokes equations,
(1) and (2). Throughout the paper all variables are dimensionless
unless they are written with  , as in (4) and (5).
In the present paper, uniform density and viscosity (q ¼ 1 and
l ¼ 1) are imposed such to focus the study on the accuracy of
the volume tracking and surface-tension force algorithms. Thus,
the Navier–Stokes equations, (1) and (2), we solve are written as

r  u ¼ 0;

ð6Þ

@ t u þ r  ðuuÞ ¼ rp þ

1 2
1
r uþ
f r:
Re
We

ð7Þ

3. Projection method
The Navier–Stokes equations, (6) and (7), are solved numerically using the projection method. Time integration of (7) from
time t n to t nþ1 ðtnþ1 ¼ tn þ DtÞ is performed using the second-order
Adams–Bashforth scheme,

u  u n 3
1
¼ RUn  RUn1 :
2
2
Dt

ð8Þ

In Eq. 8, u is a non-divergence-free ﬂuid velocity approximating
unþ1 , and

RUn ¼ r  ðun un Þ þ

1 2 n
1 nþ1
r u þ
f :
Re
We r

ð9Þ

The divergence-free condition on the updated ﬂuid velocity is imposed by solving the Poisson equation for pressure,

2. Governing equations

r  u ¼ 0;

is xs , and d is the Dirac d-function that is needed such to impose
the force only at the interface between the two ﬂuids. Note that
for droplet-laden ﬂow with a uniform surface tension, the nondimensional r is equal to unity. f r is directed towards the ﬂuid
respect to which the interface is concave. Fig. 1 shows the direction
of the interface normal n and the sign of the interface curvature j.
The interface normal is oriented such that it always points into ﬂuid
2 and the curvature is positive (negative) if the interface is concave
(convex) with respect to ﬂuid 2.
In Eq. (2), the Reynolds and Weber numbers are deﬁned as

ð3Þ

In Eq. (3), r is the surface tension coefﬁcient, j is the curvature of
the interface between the two ﬂuids (i.e., droplet and surrounding
ﬂuid), n is the unit vector normal to the interface whose position

r2 pnþ1 ¼

1
r  u ;
Dt

ð10Þ

and by updating the ﬂuid velocity as

unþ1 ¼ u  Dtrpnþ1 :

ð11Þ

Eqs. (9)–(11) are discretized in space on a uniform staggered
mesh using second-order central difference schemes. The velocity
and surface tension force components (ui and fri ) are staggered,
and all the other ﬁeld variables are co-located. The Poisson Eq.
(10) in ﬁnite-difference form is solved using a combination of a
two-dimensional fast Fourier transform (FFT) in the x–y plane,
and Gauss elimination in the z direction [14]. Periodic boundary
conditions are imposed in the three spatial directions.
3.1. Surface tension force
In the continuous surface force (CSF) approach by Brackbill et al.
[12], the surface tension force, f r , is computed, after replacing
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Fig. 1. Schematic of interface between two ﬂuids, surface tension force, f r , interface normal, n, and curvature,

ndðx  xs Þ in Eq. (3) with the gradient of the volume fraction or volume of ﬂuid (VoF) function, rC, as

f r ¼ rjrC:

ð12Þ

Consistent with the sign convention of Fig. 1, Fig. 2 shows a schematic of the interface, surface tension force and VoF function in
the two ﬂuids. In order to satisfy a consistent coupling of the surface
tension force with pressure gradient force within our ﬂow solver, f r
in Eq. (8) is computed at the staggered locations (or cell faces) as
Francois et al. [13]. For example, the x-component of f r at the
staggered x-location ði þ 1=2; j; kÞ is computed as

frxðiþ1=2;j;kÞ ¼ r





ji;j;k þ jiþ1;j;k C iþ1;j;k  C i;j;k
2

Dx


:

j, sign convention.

interface in each computational cell consists of two steps: the computation of the interface normal, n ¼ ðnx ; ny ; nz Þ, and the computation of the interface location (Fig. 3). The algorithm that we use to
evaluate the interface normal is the mixed Young-centered (MYC)
method [11] that is a combination of the centered-columns method [16] and the Youngs method [15]. In each cell that contains part
of the interface, a set of four different interface normals is computed. Three normals are computed with the centered-columns
method, and the fourth normal is computed using the Youngs
method. Then, the interface plane normal is chosen among these
four normals. Last, the interface plane constant, a, of Eq. (19) is
computed. We now describe how n and a are computed.

ð13Þ

where j and C are computed at the cell-centers. Thus, the computation of f r requires the computation of j and C. The next two sections describe the volume of ﬂuid method for computing C, and the
height-function technique for computing j.
4. Volume-of-ﬂuid (VoF) method
This section describes the numerical method for tracking the
droplets in space and time with the volume-of-ﬂuid method. In
the volume of ﬂuid (VoF) method, the sharp interface between
the two phases (e.g. liquid and gas) is determined using the VoF
function, C, that represents the volume fraction of the reference
phase in each computational cell, e.g. C ¼ 0 in the gas, and C ¼ 1
in the liquid (0 6 C 6 1). The VoF method requires two steps, the
VoF interface reconstruction and the VoF advection which are described in the next paragraphs.
4.1. VoF interface reconstruction
The VoF method is characterized by a sharp representation of
the interface. In the present VoF method, the interface between
the two phases is reconstructed using a piecewise linear interface
calculation (PLIC) by Youngs [15]. The reconstruction of the

4.1.1. Centered-columns method
The interface normal is obtained after deﬁning a height function
in the 3  3  3 stencil of cells around each ði; j; kÞ cell. For each of
the three directions, the VoF color function, C, is added columnwise along that direction to give a local height function [16]. In
the case of the vertical direction, z, we compute the height function, zi;j;k , as

zi;j;k ¼ Dx

1
X

C i;j;kþl ;

ð14Þ

l¼1

where Dx is the uniform grid spacing. Then, we deﬁne the plane
equation approximating the interface as

sgnðmz Þz ¼ mx x þ my y þ a;

ð15Þ

where the sign of the mz coefﬁcient is computed with a centered ﬁnite-difference scheme and stored, and a is a constant. After the
height function zi;j;k is computed using (14), a centered ﬁnite-difference scheme is used to calculate mx and my as derivatives of zi;j;k
@z
@z
along the x and y directions, i.e. mx ¼ @xi;j;k ; my ¼ @yi;j;k . This scheme
approximates a linear interface exactly if the interface intersects
only the four vertical faces of the 3  3  3 stencil cube. If this is
not the case, then extra layers of cells should be added in the z
direction for the computation of zi;j;k in Eq. (14) such to satisfy this

Fig. 2. Schematic of interface between two ﬂuids, surface tension force, f r , volume of ﬂuid function, C, and curvature,

j, sign convention.
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n  x þ a ¼ 0;
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ð19Þ

has to be computed. a is the distance between the interface plane
and the origin of a local coordinate system for each cell (Fig. 3). In
our ﬂow solver, a is calculated using the analytical tools provided
by López and Hernández [17].
4.2. VoF advection

Fig. 3. Interface normal, n, and interface plane constant, a, of Eq. (19) for a 2D case
with the VoF function C = 0.2.

condition. For computational efﬁciency, we avoid the addition of
extra layers of cells and show that combining the centered-column
method using Eq. (14) with the Youngs method provides an accurate approximation of the interface (Section 6.1).
The height function is calculated for each Cartesian direction,
thus giving three different normals to the interface plane. For
example, in the z direction, the triplet sgnðmz Þ; mx ; my is normalized to m0z ; m0x ; m0y such that j m0z j þ j m0x j þ j m0y j¼ 1. Among the
three possible representations of the interface plane,
x ¼ f ðy; zÞ; y ¼ gðx; zÞ and z ¼ hðx; yÞ, we choose the one corresponding to the maximum j m0 j coefﬁcient, according to the criterion [11]:

j

m0CC

j¼ maxðj

m0x

j; j

m0y

j; j

m0z

jÞ:

ð16Þ

4.1.2. Youngs method
The Youngs interface normal is computed as the gradient of the
color function, rC, using a second-order centered ﬁnite-difference
scheme. The normal is ﬁrst calculated at the eight vertices of the
computational cell, then its cell value is computed as the average
of these eight normals.
4.1.3. Mixed Youngs-Centered (MYC) method
In the mixed Youngs-centered method (MYC), between the two
competing normals computed with the centered column (CC) and
the Youngs (Y) methods, the normal having the minimum j m0 j
is selected [11],

j m j¼ minðj m0CC j; j m0Y jÞ:

ð17Þ

Then, the unit normal vector n is computed by normalization of m
to unit length,

m
n¼
:
km k

ð18Þ

Youngs method provides a better estimate at low resolution and
for particular alignments of the interface with the grid, while the
centered columns method is generally more accurate at high resolution. The MYC method has the advantage to choose in each cell
among the two. We have used the MYC algorithm to reconstruct
the interface between a sphere and its surrounding (e.g. liquid
droplet in gas) in a uniform Cartesian mesh. Fig. 4 shows the
C ¼ 0:5 isosurface for a sphere with a resolution of 16 and 32 mesh
points across its diameter, and the cells in which the centered-columns or the Youngs method are selected.
4.1.4. VoF interface plane constant
After computing the interface normal that points towards the
reference phase with the MYC method, the plane constant a of
the local interface plane equation

We now present the VoF advection with the Eulerian implicit–Eulerian algebraic–Lagrangian explicit (EI–EA–LE) algorithm.
We have improved this method, which was originally proposed
by Scardovelli et al. [10], with the addition of a redistribution
and a wisp suppression algorithm. The redistribution algorithm
is needed for ensuring the consistency of the algorithm since
small inconsistencies in the VoF function values (i.e., C < 0
and C > 1) can arise in the Eulerian algebraic (EA) step of
the advection. A wisp suppression algorithm has also been
developed in order to ensure that small values of C arising
in the domain are not neglected and ignored from the
computation.
4.2.1. EI-EA-LE advection
Considering a characteristic function v that has value 1 in the
reference phase and 0 in the other, the phase of interest moves
obeying the following advection equation:

Dv @ v

þ u  rv ¼ 0;
Dt
@t

ð20Þ

or equivalently,

@v
þ r  ðuvÞ  vr  u ¼ 0:
@t

ð21Þ

The volume fraction C i;j;k of grid cell ði; j; kÞ is related to the characteristic function v by the integral relation

C i;j;k ðtÞ ¼

1
V0

Z

vðx; tÞdx;

ð22Þ

V0

where V 0 is the volume of the ði; j; kÞ cell. For 1D advection, integrating Eq. (21) in space over the cell and in time with a forward Euler
scheme gives:

e i ðu
i  u
 i1 Þ;
C nþ1
¼ C ni þ F l  F r þ C
i

ð23Þ

 i ¼ ui Dt=h is a local CFL number, ui is the velocity compowhere u
nent in the x-direction staggered from C for the i-cell, h is the grid
cell size, and F r and F l denote the right and left ﬂuxes of C.
e i in Eq. (23) is evaluated at time
4.2.1.1. EI advection. If the term C
e i ¼ C nþ1 ), then (23) yields an implicit scheme:
step n þ 1 ( C
i

C nþ1
¼
i

C ni þ F l  F r
:
i  u
 i1 Þ
1  ðu

ð24Þ

In terms of material derivative, Eq. (24) is equivalent to the following discretization in time of Eq. (20):

½vðx; t þ DtÞ  vðx; tÞ þ ½vðx; tÞ  vðx  uDt; tÞ
¼ vðx; t þ DtÞ  vðx  uDt; tÞ ¼ 0;

ð25Þ

which deﬁnes the Eulerian Implicit (EI) scheme, see Fig. 5. Eq. (24)
can also be thought as a geometrical mapping that transforms
A0 B0 C 0 D0 into ABCD (Fig. 6):

~x ¼ aðx þ u
 i1 Þ;

ð26Þ

where the length lx ¼ h þ ui1 Dt  ui Dt is mapped into l~x ¼ h with a
 i1  u
 i Þ.
transformation Jacobian given by a ¼ l~x =lx ¼ 1=ð1 þ u
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Z

Z

Y

Y
X

X

Fig. 4. Selection of the interface normal for a sphere placed at the center of a cubic box with 16 (left) and 32 (right) cells across the diameter: Youngs’ method (blue) and
centered-columns method (red). (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)

Fig. 5. Geometrical computation of the ﬂuxes F l and F r in the x direction: Eulerian
Implicit, Eq. (24), (left), and Lagrangian Explicit, Eq. (27), (right).

Fig. 6. Geometrical mappings: Eulerian Implicit, Eq. (26), (left), and Lagrangian
Explicit, Eq. (29), (right).

e i in Eq. (23) is evaluated at time
4.2.1.2. LE advection. If the term C
e i ¼ C n ), then (23) yields an explicit scheme:
step n ( C
i

i  u
 i1 Þ þ F l  F r :
C nþ1
¼ C ni ð1 þ u
i

ð27Þ

Eq. (27) is equivalent to the following discretization in time of Eq.
(20):

vðx þ uDt; t þ DtÞ  vðx; tÞ ¼ 0;

ð28Þ

which deﬁnes the Lagrangian Explicit (LE) scheme, see Fig. 5. For a
1D advection in the y direction, the LE scheme is equivalent to a
mapping that transforms ABCD into A00 B00 C 00 D00 (Fig. 6):

~ ¼ by þ v j1 ;
y

ð29Þ

where the length ly ¼ h is mapped into ly~ ¼ h þ v j Dt  v j1 Dt with a
transformation Jacobian given by b ¼ ly~ =ly ¼ 1 þ v j  v j1 .
In the EI scheme, the ﬂuxes are computed before the mapping,
while in the LE scheme the cell and its interface are mapped before
computing the ﬂuxes (Fig. 5). In both Eqs. (24) and (27) the ﬂuxes
are computed geometrically. This typically requires intersection
operations between a polygon and a plane. In our solver, these
operations are performed with the analytical tools of López and
Hernández [17].
In the case of a 2D ﬂow, the advection equation can be discretized by a two step split scheme where for instance a EI step in the
x direction is followed by a LE step in the y direction. The total
transformation Jacobian, J ¼ ab, is then equal to 1 for a divergence-free 2D velocity ﬁeld. Thus, the sequence of Eulerian implicit and Lagrangian explicit mappings applied to an incompressible
2D velocity ﬁeld conserves volume exactly. Since this is a split
scheme, an interface reconstruction is performed between the
two steps. Also, the EI and LE spatial direction is alternated between successive time steps in order to avoid a preferential
direction.
The construction of a 3D mass conserving scheme based on
these mappings can be accomplished with the EILE-3D scheme
[11] by splitting the 3D velocity ﬁeld into three sets of 2D incompressible ﬁelds u1 ¼ ðu1 ; v 1 ; 0Þ; u2 ¼ ðu2 ; 0; w2 Þ and u3 ¼ ð0; v 3 ; w3 Þ
such that their sum gives the original 3D ﬁeld. The computation of
these 2D ﬁelds is not trivial and a total number of six 1D advection
steps and interface reconstructions are needed at each time step.
Thus, the mass conservation property of the 2D scheme is extended
to 3D. Because the EI and LE schemes can be directly derived from
the 1D advection equation, the consistency condition 0 6 C 6 1 is
satisﬁed.
4.2.1.3. EA advection. We followed a different approach as in
Scardovelli et al. [10] by designing a third mapping such that
the product of its transformation Jacobian with the EI and LE Jacobians gives 1. Therefore, the advection scheme conserves the
volume for an incompressible velocity ﬁeld. Combining these
three steps together (e.g. a ﬁrst EI step along the x direction, a
third LE step along z, and an intermediate modiﬁed EI step along
y) gives:

e
 i1;j;k Þ;
x ¼ aðx þ u
e
y ¼ bðy þ v i;j1;k Þ;

ð30Þ
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ez ¼ cz þ w
 i;j;k1 ;
with

a¼

1
;
 i1;j;k  u
 i;j;k
1þu

b¼

 i1;j;k  u
 i;j;k
1þu
1
¼
;
 i;j;k  w
 i;j1;k
ac 1 þ w

ð31Þ

 i;j;k  w
 i;j;k1 ;
c ¼1þw
where the coefﬁcient b is calculated in order to satisfy the condition
 ¼ uDt=h; v ¼ v Dt=h; w
 ¼ wDt=h, and u; v ; w are
J ¼ abc ¼ 1, and u
the velocity components in the x; y and z directions, respectively.
The second step is an algebraic step which does not have a geometric interpretation, therefore the advection algorithm may generate
small negative values and small overshoots of C (C < 0, and
C > 1). We call this 3D split algorithm EI–EA–LE. The volume
fraction C at time step n þ 1 is computed in three steps, where an
interface reconstruction is performed between each of them:
ð1Þ

C ni;j;k þ F ui1  F ui
;

1  dx u

ð2Þ

 Þ þ F vj1  F vj
C i;j;k ð1  dx u
;

1 þ dz w

C i;j;k ¼

ð1Þ

C i;j;k ¼

ð32Þ

w
w

C nþ1
i;j;k ¼ C i;j;k ð1 þ dz wÞ þ F k1  F k ;
ð2Þ

where we simpliﬁed the notation by introducing the operators
¼u
 i;j;k  u
 i1;j;k and dz w
 ¼w
 i;j;k  w
 i;j;k1 , and we used F ui1 and
dx u
u
F i to indicate the ﬂux through the left and right face, respectively,
for the 1D advection velocity ﬁeld u, and similarly for F vj and F w
k.
The sum of the three steps of Eq. (32) simpliﬁes to a balance of
ﬂuxes as
n
u
u
v
v
w
w
C nþ1
i;j;k ¼ C i;j;k þ F i1  F i þ F j1  F j þ F k1  F k ;

ð33Þ

therefore the method conserves volume globally. In Eq. (32), the
Eulerian ﬂuxes are used in the ﬁrst and second step, and the
Lagrangian ﬂuxes are used in the third step. The EI-EA-LE algorithm
requires just three one-dimensional advections and reconstructions
per time step, rather than six, and no computation of 2D velocity
ﬁelds are required as in the EILE-3D algorithm. Thus, the 3D split

100

EI-EA-LE
EILE-3D

Eg
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slope = -2
10-3
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Fig. 7. Geometrical error for a sphere immersed in a time-reversed Taylor–Green
vortex ﬂow with period T ¼ 2 as a function of mesh resolution at CFL = 0.1: VoF
advection using our EI-EA-LE algorithm and EILE-3D [11].
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algorithm EI-EA-LE is 50% computationally less expensive then
EILE-3D. The algebraic step (EA) produces small inconsistencies in
the values of C (C < 0; C > 1) that we remove with the
redistribution algorithm described below. Also, Fig. 7 shows that
the geometrical error of our EI-EA-LE scheme is smaller then that
of EILE-3D.
Furthermore, based on the droplet in quiescent ﬂow tests
(Section 6.3.1), we modiﬁed the VoF advection algorithm, trying to
reduce the directionality of the 1D advection steps by assigning
the ﬁrst EI sweep to a different direction at each time step. Initially,
the EI-EA-LE advection steps were cycled amongst the three spatial
directions in a 3-cycle combination: 1:ðx; y; zÞ; 2:ðy; z; xÞ; and 3:
ðz; x; yÞ. We then switched the EI-EA-LE advection steps to a 6-cycle
combination: 1:ðz; y; xÞ; 2:ðy; x; zÞ; 3:ðx; z; yÞ; 4:ðz; x; yÞ; 5:ðy; z; xÞ,
and 6:ðx; y; zÞ. This change was beneﬁcial in delaying the growth of
the spurious currents in the static drop case because the VoF
advection algorithm becomes more ‘isotropic’.
4.2.2. Redistribution algorithm
The Eulerian algebraic step (EA) may cause small inconsistencies in the volume fraction values (C < 0, and C > 1). We correct
them using a local redistribution algorithm similar to that described by Harvie and Fletcher [18]. The redistribution is performed on the C ﬁeld after the EA advection step only. Since just
the undershoots (C < 0) are detrimental to the geometrical ﬂux
and interface plane constant computation, these are the only
inconsistencies treated by the redistribution algorithm. In all our
test cases, we observed a minimal presence of C > 1 inconsistencies, where the overshoots were limited to values of the order
107 or less. In the case of a negative value of C i;j;k , the following
redistribution algorithm is implemented. Among the 26 neighboring cells located in the 3  3  3 grid around cell ði; j; kÞ:
1. ﬁnd the cell l; m; n where the sum C i;j;k þ C l;m;n is positive and
minimized,
2. set C l;m;n ¼ C l;m;n þ C i;j;k ,
3. set C i;j;k ¼ 0.
4.2.3. Wisp-suppression algorithm
The calculation of the C ﬂuxes and of the interface plane constant requires intersection operations between a polyhedron and
a plane. Because of their ﬁnite precision, these operations may
cause errors when the plane and one of the faces of the polyhedron
are really close. This happens when the volume fraction C is very
small or very close to 1, i.e. in nearly-homogeneous cells. In order
to avoid these errors, in most VoF methods, the volume fraction in
cells where C > 1   or C <  is set to 1 or 0, respectively, where
  108 . Thus, these VoF methods do not conserve mass with zero
machine accuracy.
Since we want a mass-conserving VoF method, we take a different approach, where we do not reset nearly-homogeneous cells,
and skip the advection operations on cells satisfying the condition
C < . Therefore, small values of 0 < C < , also called ‘wisps’, would
detach from the reference phase in the ﬂow ﬁeld. Leaving the wisps
in the domain would still insure global mass conservation but we do
not want spurious mass to leave the reference phase. If that was the
case, the mass of the individual volumes (local mass) would not be
conserved. Moreover, wisps tend to grow unboundedly in time.
We, therefore, developed a wisp suppression algorithm that reintroduces the wisps volume fraction in the reference phase. Due to the
small magnitude of the wisps ðC < Þ such treatment has no detrimental effects on the geometrical error of the VoF method as shown
by our numerical results presented in Section 6.2.
Since the wisps are formed close to the interface when the reference phase retreats from the secondary phase, the wisp suppression algorithm moves the C of the wisps back into the reference
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phase along the local interface normal computed with the MYC
algorithm. If the wisp is not neighboring the reference phase, then
it is not re-located: depending on mesh resolution a minimum
amount of isolated wisps may linger in the surrounding secondary
phase. The wisps suppression algorithm is run at the end of each of
the three split advection steps. First, the wisps close to the interface are identiﬁed with the criteria:

0 < C i;j;k <  AND

interface normal with the largest component in the z-direction.
Then, in the ði; j; kÞ cell containing the interface (i.e., in the cell where
0 < C i;j;k < 1), the local height function H is computed along z on a
3  3 computational stencil in the x  y plane for a ﬁxed j value as

Hr;s ¼

t up
X

C iþr;jþs;kþt Dx with r ¼ ½1; 0; 1 and s ¼ ½1; 0; 1;

t¼t down

ð35Þ

ð34Þ

maxðC iþl;jþm;kþn Þ >  l ¼ 1; 0; 1;

m ¼ 1; 0; 1 n ¼ 1; 0; 1:

Then, the wisps are moved into the reference phase. The destination
cell is selected according to the predominant orientation of the local
interface normal. Fig. 8 shows the total wisps magnitude versus the
number of time steps for the EI-EA-LE algorithm with and without
wisps suppression. In the algorithm without wisps suppression, the
magnitude of the total wisps volume fraction over the entire domain grows in time and has values of Oð105 Þ for the Taylor–Green
vortex case analyzed (Fig. 8). The algorithm with wisps suppression,
instead, stabilizes the total wisps magnitude to a total C value of order 107 . For the case considered, this corresponds to a negligible
total volume error of 1014 .
In summary, our VoF method relies on the MYC interface reconstruction, the EI-EA-LE volume advection scheme, and the redistribution and the wisp suppression algorithms described above. The
resulting method conserves mass with machine accuracy, is
consistent (0 6 C 6 1) and free of wisps.

where tup and t down are adjusted adaptively based on the local C distribution (t up can vary from 0 to 3, and t down can vary from 3 to 0),
and C  is a modiﬁed distribution of the volume fraction C, which is
rendered monotonic along the z-direction [20]. The stencil for computing H in the ði; j; kÞ cell is therefore of variable size and ranges
from 3  3  1 to 3  3  7. The interface curvature is then computed using the height function H as

h
i
2
2
nz Hxx þ Hyy þ Hxx Hy þ Hyy Hx  2Hxy Hx Hy
j¼
;
h
i3=2
j nz j
1 þ H2x þ H2y

where the factor nz = j nz j gives the sign of nz to j, and the partial
derivatives of H are computed using the ﬁnite difference formula
of López and Hernández [20]. These formulas introduce extra staggered terms weighed by a parameter c which improves the accuracy
in three dimensions. The discretized ﬁrst derivative of H is written as

½cðH1;1  H1;1 Þ þ H1;0  H1;0 þ cðH1;1  H1;1 Þ
;
2Dxð1 þ 2cÞ

5. Curvature computation

Hx ¼

This section describes the numerical method for computing the
curvature of the interface between the two ﬂuids that is needed for
calculating the surface tension force, f r (Eqs. (7) and (12)). In order
to compute the interface curvature from the VoF function, C, the
height function technique by Cummins et al. [19] has been adopted
and investigated. A correction based on the local orientation of the
interface normal is performed to minimize the error on a spherical
interface [20]. The technique is second-order accurate with respect
to the mesh size and is computationally efﬁcient. The height function is constructed by integrating the C along the axis direction for
which the normal to the interface has the largest component. The
method relies solely on the discrete values of C, and is mostly independent from the interface normal computation, which only inﬂuences the orientation of the curvature computational stencil, thus,
making the method robust. For example, consider the case with the

and the discretized second derivative of H as
Hxx ¼

ð37Þ

½cðH1;1  2H0;1 þ H1;1 Þ þ H1;0  2H0;0 þ H1;0 þ cðH1;1  2H0;1 þ H1;1 Þ
:
Dx2 ð1 þ 2cÞ
ð38Þ

Lopez and Hernandez [20] deﬁne the parameter c as

c ¼ 0:2 if arccosðmaxðj nx jÞ; maxðj ny jÞ; maxðj nz jÞÞ > 0:8;

ð39Þ

c ¼ 0 if arccosðmaxðj nx jÞ; maxðj ny jÞ; maxðj nz jÞÞ 6 0:8:

ð40Þ

Note
that
the
condition
arccosðmaxðj nx jÞ; maxðj ny jÞ;
maxðj nz jÞÞ > 0:8 occurs when the interface normal is not aligned
predominantly to any of the three directions, causing a loss of accuracy in the height function method. The cross-derivative Hxy is
calculated as
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Fig. 8. Total number of wisps (left) and VoF wisp magnitude (right) vs number of time steps for a sphere of radius 0.15 advected in a time reversed single-vortex ﬁeld [22]
with period T ¼ 2 using a mesh of 1283 grid points.
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Hxy ¼

H1;1  H1;1  H1;1 þ H1;1
:
4 Dx2

ð41Þ

The error of the curvature calculated using the height-function
method was computed for one-hundred spheres randomly placed
in the computational domain. Fig. 9 shows the L1 and L1 norms of
the curvature error versus the number of grid points per diameter
of a sphere, Ngp=d . These norms decay as N2
gp=d , thus showing a second-order convergence rate of the computed curvature.
6. Results
In this section, we ﬁrst report the numerical results on the accuracy of the VoF interface reconstruction (Section 6.1) and VoF
advection (Section 6.2), described in Section 4, for several testcases where volumes of initially spherical shapes are tracked without surface tension in speciﬁed velocity ﬁelds. This assesses the
properties of the VoF method independently from the two-way
coupling between the droplet and the surrounding ﬂuid by setting
the surface tension force to zero. Then, in Section 6.3, we describe
the numerical results for the uniform-density coupled droplet/ﬂuid
ﬂows that test the curvature computation (Section 5), the surface
tension force computation (Eq. (12)), and the coupled ﬂow solver
(Section 3) for the following cases: droplet in a quiescent ﬂow
(Section 6.3.1), droplet in a translating reference frame (Section 6.3.2), droplet in a Taylor–Green vortex ﬂow (Section 6.3.3),
and droplet-laden isotropic turbulence (Section 6.3.4).
6.1. Accuracy of VoF interface reconstruction
In order to evaluate the geometrical error of the interface reconstruction algorithm, PLIC, described in Section 4, a sphere of ﬁxed
diameter has been placed in random positions inside a computational cubic box for different mesh sizes. The geometrical error of
the PLIC reconstruction for each position has been computed in
terms of the volume residing between the analytical surface, v,
and the reconstructed interface, vh . The distance between the
two surfaces j vðxÞ  vh ðxÞ j, is evaluated along the direction of
the dominant component of the interface normal, n. For example,
in those cells where the dominant component of n is the z component, the geometrical error is calculated as:

Eh ¼

ZZ

j vðxÞ  vh ðxÞ j dxdy:

The geometrical error is then computed as the average of all the
geometrical errors for each random position of the sphere. Fig. 10
and Table 1 show that the adopted PLIC algorithm for the geometrical representation of the interface has an overall second-order
convergence rate. For spheres of diameter 0.5 placed in a unit length
cubic box with 32 and 64 grid points per diameter the geometrical
error is respectively about 4  105 and 105 (Table 1).
Next, we compared the geometrical error of the MYC method to
the LS-MYC method of Aulisa et al. [11] who added a least-squaresﬁt correction of the interface normal after the MYC. In the LS-MYC,
the linear interface calculated with the MYC method for each cell is
used over a set of points to determine a distance function which is
minimized to obtain the ﬁnal interface normal. We tested the LSMYC method and found that it performs only slightly better than
the MYC method at high resolution as shown in Fig. 10. However,
the LS-MYC method is computationally more expensive than the
MYC, relies on the calculation of the interface center of area for
every cell where 0 < C < 1, and also the resulting error depends
on the choice of the weights used in the least squares ﬁt. The
MYC method, instead, relies only on the VoF cell values, and no
geometric calculations are needed for computing the interface normal. Thus, we decided to adopt the MYC method in our VoF
implementation.
We also tested the 3D-ELVIRA interface reconstruction method
by Miller and Colella [21]. Although this method is strictly secondorder accurate and reconstructs planar interfaces exactly, our
numerical tests showed that the 3D-ELVIRA is one-hundred times
computationally more expensive than the MYC method. We favored computational efﬁciency over higher accuracy, and we
decided to adopt the MYC method in our VoF implementation.
6.2. Accuracy of VoF advection: volume-tracking test-cases (f r ¼ 0)
In order to quantify the accuracy of the advection algorithm
with the MYC interface reconstruction scheme, we analyze the
mass error, Em , and the VoF geometrical error, Eg , deﬁned as:

Em ¼

j

P

P

P
Eg ¼

P
^ 
i;j;k C i;j;k ð0Þ j
;
i;j;k C i;j;k ð0Þ

i;j;k C i;j;k ðtÞ

i;j;k

ð43Þ

j C i;j;k ð^tÞ  C i;j;k ð0Þ j
P
;
i;j;k C i;j;k ð0Þ

ð44Þ

ð42Þ
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Fig. 9. L1 and L1 norms of the curvature error averaged over one-hundred
randomly placed spheres in the computational box as a function of the number
of grid points per sphere diameter, N gp=d .

Fig. 10. Geometrical error, Eh , of the PLIC interface reconstruction for a sphere in a
unigrid computational mesh: MYC, and MYC algorithm with least-squares ﬁt, LSMYC.
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Table 1
Geometrical error, Eh , and convergence rate of the PLIC interface reconstruction with
the MYC method for a sphere as a function of the number of grid points per diameter,
N gp=d .
N gp=d

Eh

Convergence rate

2
4
8
16
32
64

9.91E3
2.78E3
6.46E4
1.54E4
3.90E5
1.05E5

–
1.83
2.11
2.06
1.98
1.90

P
where i;j;k is the summation over all the ði; j; kÞ cells of the computational domain, and ^t is the time at which the volume is advected
back to its initial (t ¼ 0) position. The interface reconstruction and
advection algorithms were ﬁrst tested for mass conservation and
geometrical error for a spherical interface immersed in different
incompressible velocity ﬁelds: linear translation and rigid rotation,
single-vortex ﬂow [22], Taylor–Green vortex [23], and isotropic turbulence. In order to study the mass conservation properties of the
VoF advection and the convergence rate of the VoF geometrical error, these numerical tests were performed without surface tension,
i.e., f r ¼ 0 in Eq. (7). The results of these test-cases are now
described.
6.2.1. Translation and rotation
The linear translation along the diagonal with the velocity ﬁeld
ðu; v ; wÞ ¼ ð0:5; 0:5; 0:5Þ, and the rigid rotation described by the
velocity ﬁeld ðu; v ; wÞ ¼ ð p2 ðy  0:5Þ; p2 ðx  0:5Þ; 0Þ were used to
test the advection algorithm for vorticity-free, time-independent
velocity ﬁelds. In both cases, an initially spherical volume is advected until it returns to its initial position. Fig. 11 and Table 2
show that the VoF geometrical error, Eg , has a second-order
convergence rate for the translation and rotation cases.
We used the linear translation test-case to assess the efﬁciency
of the VoF advection algorithm for varying number of grid points
per diameter of the sphere N gp=d . N gp=d is varied by changing the
droplet diameter d and keeping the computational mesh and

number of computing cores ﬁxed as 1283 and 64, respectively.
Table 3 shows that the wall-clock time per time step is nearly
constant for N gp;d ¼ 4, 8, and 16, and that the wall-clock time increases by about 5% and 20% for N gp;d ¼ 32 and 64, respectively.
Thus, based on the results shown in Fig. 11 and Table 3,
N gp;d ¼ 32 is a good compromise for efﬁciency and accuracy of
the VoF advection.
6.2.2. Taylor–Green vortex ﬂow
The analytical solution of the Navier–Stokes equations for an array of Taylor vortices [23] is used in this test case. In the analytical
expression of the velocity ﬁeld, we replace the exponential decay
in time due to viscosity by a cosine function in time such that after
a time period T ¼ 2 the ﬂuid comes back to its initial position:

u ¼  cosð2pxÞ sinð2pzÞ cosðpt=TÞ;

v ¼ 0;

An initially spherical volume of diameter 0.24 is placed with its center at ðx; y; zÞ ¼ ð0:6; 0:5; 0:5Þ in a cubic box of side-length one.
Fig. 12 shows the isocontour of C ¼ 0:5 at different times. The
tracked volume in its ﬁnal position is only slightly distorted when
compared to the initial sphere. Fig. 11 and Table 4 show that the
VoF geometrical error has a convergence rate between 1.5 and 1.7
at CFL ¼ 0:1, where the CFL number is deﬁned as CFL ¼ aDt=Dx
for a reference velocity a equal to one. Fig. 13 shows that increasing
the CFL number from 0.01 to 1 increases the VoF geometrical error
while keeping the mesh resolution constant, and reduces the VoF
geometrical error from second to ﬁrst order. This is due to the fact
that time-integration in the VoF advection scheme (21) is performed using the ﬁrst-order forward Euler scheme, thus the second-order convergence rate is achieved only in the limit of CFL
number going to zero.
6.2.3. Single-vortex ﬂow
The three-dimensional and time-dependent velocity ﬁeld of the
single-vortex ﬂow [22] is given by:
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Fig. 11. Geometrical error, Eg , of the advection and reconstruction algorithm for a
sphere as a function of mesh resolution at CFL = 0.1. Translation along the box
diagonal, rotation and time-reversed single-vortex ﬂow (SVF) with period T ¼ 2 for
a sphere of radius 0.15. Time-reversed Taylor–Green vortex ﬂow (TGV) with period
T ¼ 2 for a sphere of radius 0.12. Time-reversed isotropic turbulence ﬂow at
Rek0 ¼ 75 (IsoT) with period T ¼ 1.
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ð45Þ

w ¼ cosð2pzÞ sinð2pxÞ cosðpt=TÞ;

ð46Þ

An initially spherical volume of diameter equal to 0.3 is placed with
its center at ðx; y; zÞ ¼ ð0:5; 0:75; 0:5Þ in a cubic box of side-length
one. In Eq. (46), the period T is set as T ¼ 2. Fig. 11 and Table 5 show
the VoF geometrical error versus the mesh resolution at CFL ¼ 0:1.
This ﬂow distorts the interface considerably as shown in Fig. 14,
therefore the geometrical error is larger that in all the other testcases presented. Also, the convergence rate of Eg is only ﬁrst-order
when the mesh resolution is less than 10 cells per diameter because
the volume is under-resolved for such deformation.
6.2.4. Isotropic turbulence
We also performed tracking of volumes of initial spherical
shape in incompressible isotropic turbulence (IsoT) for two
cases at different initial Reynolds number based on the Taylor
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Table 2
VoF geometrical error, Eg , and its convergence-rate for the translation and rigid rotation as a function of number of grid points per diameter, N gp=d .
N gp=d

Translation Eg

Translation convergence rate

Rotation Eg

Rotation convergence rate

4.8
9.6
19.2
38.4

0.414
0.117
0.0306
0.00782

–
1.82
1.93
1.97

0.292
0.0801
0.0223
0.00583

–
1.87
1.85
1.93

Table 3
Wall-clock time per time step for the translating spherical volume as a function of
number of grid points per diameter, N gp=d , using a computational mesh of 1283 points
and 64 computing cores (Intel Xeon L5520 2.27 GHz processor).
N gp=d

Wall-clock time per time step (s)

4
8
16
32
64

0.179
0.178
0.176
0.188
0.214

microscale: Rek0 ¼ 75 and 190. For these test-cases, we performed
direct numerical simulation of decaying isotropic turbulence. The
unsteady three-dimensional Navier–Stokes and continuity equations, Eqs. (7) and (6), were solved numerically with the projection
method described in Section 3 while setting the surface tension
force to zero, f r ¼ 0. The number of grid points of the computational mesh was varied from 2563 to 10243 . These meshes allow
for an initial microscale Reynolds number ranging from Rek0 ¼ 75
to Rek0 ¼ 190, respectively. The case at Rek0 ¼ 75 is used to compute the accuracy of the VoF method in a turbulent velocity ﬁeld
by changing the mesh resolution while keeping constant the initial
sphere diameter, and the case at Rek0 ¼ 190 is used to show that
even for smaller ﬂow scales the methodology is robust and
preserves the properties of global and local mass conservation,
consistency, and is free of wisps.
6.2.4.1. Initial conditions. The initial velocity ﬁeld was generated by
prescribing the turbulence kinetic energy spectrum EðkÞ and ensuring that the initial random velocity ﬁeld is isotropic, divergencefree with respect to the discretized form of the continuity equation,
and that the velocity cross-correlation spectra, Rij ðkÞ, satisfy the
realizability constraints [24,25]. The initial energy spectrum at
time t ¼ 0 was prescribed via

EðkÞ ¼

!
 2


3u0
k
k
;
exp

2
kp
2
2pkp

ð47Þ

where k is the wave number, kp is the wave number of peak energy,
and u0 is the initial dimensionless r.m.s. velocity. In the present
work, the wave numbers are normalized by the lowest non-zero
wave number, kmin ¼ 2p=L, where L is the length of the computational domain (L ¼ 1). Prescribing the values of kp and u0 determines EðkÞ according to Eq. (47). The Reynolds number, Re, in (7)

Table 4
VoF geometrical error, Eg , and its convergence-rate for the time-reversed Taylor–
Green vortex ﬂow and CFL = 0.1 as a function of number of grid points per diameter,
N gp=d .
N gp=d

Eg

Convergence rate

4
8
16
31

0.225
0.0735
0.0222
0.00778

–
1.61
1.73
1.52

was computed from the prescribed initial microscale Reynolds
number, Rek0 , and the computed initial energy dissipation
rate, eð0Þ. For the case at Rek0 ¼ 75, the values of the dimensionless
parameters at time t ¼ 0 were kp ¼ 4; u0 ¼ 0:0510; eð0Þ ¼ 7:6
104 and 1=Re ¼ 2:31  105 . For the case at Rek0 ¼ 190, the values
of the dimensionless parameters at time 0 were kp ¼ 4;
u0 ¼ 0:0503; eð0Þ ¼ 2:91  104 and 1=Re ¼ 4:73  106 .
The accuracy of the computations has been veriﬁed by checking,
for example, the asymptotic value of the skewness of the velocity
derivative, the decay rate of turbulence kinetic energy (TKE), and
spectra of TKE and its dissipation rate. In addition, the smallest
scales of turbulence are well resolved as indicated by g kmax 1
at all times, where kmax ¼ 2pN=2 is the maximum resolved wavenumber, and N ¼ 256 or 1024 is the number of grid points in each
direction in the computational mesh. At t ¼ 1, the skewness of the
velocity derivative Su has already reached the value of 0.5 indicating an established non-linear energy transfer across the turbulence
spectrum.
6.2.4.2. Case at Rek0 ¼ 75. For the case at Rek0 ¼ 75, Table 6 shows
the dimensionless ﬂow parameters at times t ¼ 0 and t ¼ 1. l and
sl are the integral length and time scales, Rel is the Reynolds number based on l; k is the Taylor microscale, g and sk are the Kolmogorov length and time scales, urms is the dimensionless rms velocity,
and e is the computed energy dissipation rate. The values of the
reference length and time scales used in normalizing the above
quantities were e
L ¼ 0:032 m and ~t ¼ 1:6  103 s, which are consistent with the value of dimensional kinematic viscosity of the
~ ¼ 1:5  105 m2 =s.
ﬂuid (air) m
In order to compute the convergence rate of the VoF geometrical
error, the instantaneous 3D velocity ﬁelds of isotropic turbulence at
t ¼ 1 were stored for three computational meshes: 2563 ; 5123 and

Fig. 12. Time reversed Taylor–Green vortex ﬂow with 32 cells across the sphere diameter and CFL = 0.1. From left to right, interface at time t ¼ 0; t ¼ T and t ¼ 2T.
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Fig. 13. Sphere advection in Taylor–Green vortex ﬂow: VoF geometrical error, Eg , versus CFL number (left), and number of grid points per diameter (right).

Table 5
VoF geometrical error, Eg , and its convergence-rate for the single-vortex ﬂow and
CFL = 0.1 as a function of number of grid points per diameter, N gp=d .
N gp=d

Eg

Convergence rate

4.8
9.6
19.2
38.4

0.542
0.258
0.0783
0.0238

–
1.07
1.72
1.72

Table 7
VoF geometrical error, Eg , and its convergence-rate for the time-reversed isotropic
turbulence ﬂow at Rek0 ¼ 75 and CFL = 0.1 as a function of number of grid points
across its diameter, N gp=d .
Computational mesh

N gp=d

Eg

256

8

0.0905

–

5123

16

0.0284

1.67

10243

32

0.00927

1.61

3

10243 . The velocity ﬁelds in which the volumes were tracked was
then generated by multiplying a cosine time function to the stored
velocity ﬁelds, such that the ﬂuid moves and comes back to its
initial position in a period T that was set equal to the integral
time-scale of turbulence. One-hundred spheres of equal diameter
were placed randomly in the three computational domains and
their volumes tracked in time. For all the cases, the sphere has a
diameter d ¼ 0:031 which is comparable to the turbulence Taylor
microscale, k, and which corresponds to a dimensional diameter
of 1 mm. This was done in order to keep a constant sphere size with
respect to the turbulence length scale while computing the geometrical error for different sphere resolutions. The resulting sphere

Convergence rate

resolutions, i.e., number of grid points per diameter (N gp=d ), are
reported in Table 7. These advection tests were performed at a
reference CFL number of 0.1.
The VoF geometrical error results, averaged over the tracked
volumes, are reported in Table 7 and Fig. 11. These show that a
geometrical error less than 1% is obtained with a sphere resolution
of 32 cells per diameter. Fig. 15 shows the isosurface C ¼ 0:5 for
one of the spheres that were advected in the computational domain.
6.2.4.3. Case at Rek0 ¼ 190. For the case at Rek0 ¼ 190, Table 8
shows the dimensionless ﬂow parameters at times t ¼ 0 and
t ¼ 1. The values of the reference length and time scales used in

Fig. 14. Single-vortex ﬂow [22] with 32 cells across the sphere diameter and CFL = 0.1. From left to right, interface at time t ¼ 0; t ¼ T and t ¼ 2T.

Table 6
Flow parameters (dimensionless) at initial time (t ¼ 0) and at time t ¼ 1 for the case at Rek0 ¼ 75.
l

k

g

Rel

Rek

l=g

sk

sl

0.0510

4

7.610

0.0728

0.0349

0.00205

156

75

35.5

0.177

1.43

0.0441

9.9104

0.0712

0.0265

0.00192

132

49

37.1

0.155

1.62

t

urms

0.0
1.0

e
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Fig. 15. Time reversed isotropic turbulence ﬁeld at Rek0 ¼ 75 with 32 cells across the sphere diameter and CFL = 0.1. From left to right, interface at time t ¼ 0; t ¼ T=2 and
t ¼ T.

Table 8
Flow parameters (dimensionless) at initial time (t ¼ 0) and at time t ¼ 1 for the case at Rek0 ¼ 190.
t

urms

l

k

g

Rel

Rek

l=g

sk

sl

0.0

0.0503

4

2.9110

0.0698

0.0345

0.00127

384

190

54.9

0.177

1.39

1.0

0.0461

7.41104

0.0622

0.0198

0.00101

314

100

61.8

0.111

1.35

e

Fig. 16. Decaying isotropic turbulence: Rek0 ¼ 190; 10243 mesh, VoF volume fraction Uv ¼ 0:01, and CFL = 0.1. C ¼ 0:5 isocontours (purple) on vorticity magnitude color
contours. Snapshots at different times over a time period T equal to the integral time-scale of turbulence. Each box shown is only 1/64th of the simulated cubic box of volume
L3 . (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

L ¼ 0:32 m and ~t ¼ 3:3
normalizing the above quantities were e
~ ¼ 1:5  105 m2 =s.
104 s, such that m
For this case, we used a computational mesh of 10243 grid
points. We tracked 640 volumes of initial spherical shape with
diameter d ¼ 0:031, i.e., with 32 grid points per diameter, and
a resulting volume fraction Uv ¼ 0:01. The volumes were released in the ﬂow ﬁeld at time t ¼ 1, and the volumes tracked
in space and time while isotropic turbulence was decaying.
Fig. 16 shows isocontour for C ¼ 0:5 (purple) in a subregion of
the computational domain at different times, and the vorticity
magnitude color contours on the sides of the subregion. As in
all the other test cases performed, mass was conserved with
machine precision, the C ﬁeld was consistent (0 6 C 6 1) and
wisps-free.

6.3. Coupled droplet/ﬂow cases (f r – 0)
In this section, we present the numerical results of the coupled
droplet/ﬂow solver (i.e., f r – 0) presented in Section 3–5 for the
cases of droplet in a quiescent ﬂow, droplet in a translating
reference frame, droplet in a Taylor–Green vortex ﬂow, and
droplet-laden isotropic turbulence. In all cases, the simulations
are three-dimensional and the initial shape of the droplets is
spherical. To characterize the droplet-laden ﬂow cases studied,
we use two more non-dimensional numbers: the Weber number
based on the droplet diameter,

Wed ¼

q~ Ue 2 d~ d~
¼ We;
e
r~
L

ð48Þ
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Fig. 19. Error in curvature, j, computed with the height-function method, Eq. (36),
for a spherical droplet with N gp=d ¼ 32 as function of spherical coordinates h and /.
Fig. 17. Spurious currents for the spherical static droplet with Wed ¼ 0:25 and
La ¼ 103 . Isoline for C ¼ 0:5 (solid line), and ﬂuid velocity vectors at t ¼ 0:1. The
maximum velocity magnitude is 1:4  104 .

and the Laplace number,

La ¼

r~ d~
:
~
qm~2

ð49Þ

6.3.1. Droplet in a quiescent ﬂow
The droplet in a quiescent ﬂow case was performed in order to
assess the ability of the ﬂow solver to produce a balance between
the pressure gradient and the surface tension force at the interface.
The solution should stay constant in time with zero velocity ﬁeld,
however, as reported in previous two-dimensional studies (e.g.,
Refs. [13,26]), spurious currents are generated in the ﬂow ﬁeld as
shown in Fig. 17. Fig. 17 shows the velocity vectors around the
droplet in a mid cross-section of the droplet for the case with
Wed ¼ 0:25, Re ¼ 31:6 and La ¼ 103 at t = 0.1 (N gp=d ¼ 32 in a 643
mesh). Fig. 18 shows the r.m.s. of the generated velocity ﬂuctuations for Wed ¼ 0:25, and Re ¼ 31:6 and Re ¼ 316 corresponding
to La ¼ 103 and 105 , respectively.
The spurious currents are generated by the imbalance of the
pressure gradient and the surface tension force that is computed
using Eq. (12). In Eq. (12), the curvature, j, is computed numerically using the height-function method Eq. (36). To explain if the

curvature computed with the height-function method is the source
of the numerical imbalance between rp and f r , we also performed
the numerical tests using the analytical curvature, j ¼ j0 , to compute f r through (12). Fig. 18 shows that, at t ¼ 0, the r.m.s. of the
velocity ﬂuctuations is 104 for j computed using (36), and is 1016
for j ¼ j0 . Later in time, the r.m.s. of the velocity ﬂuctuations is
Oð104 ; 106 Þ for j computed using (36), and becomes smaller than
Oð108 Þ when using j ¼ j0 . This proves that the method is consistent and a balance between pressure gradient and surface tension
holds if the curvature is exact. The curvature computed using the
height-function method is shown in Fig. 19. There are eight areas
where the curvature differs the most from the exact curvature j0
where the interface normal is most misaligned from all three spatial axes. These regions are also the regions were spurious currents
ﬁrst occur.
6.3.2. Droplet in a translating reference frame
In this test pcase,
we prescribed a uniform velocity
ﬃﬃﬃ
(u ¼ v ¼ w ¼ 1=ð3 2Þ) throughout the computational domain
including the interior of the droplet. Thus, the ﬂow should stay uniform as prescribed by the initial conditions. Fig. 20 shows the r.m.s.
of the generated velocity ﬂuctuations for Wed ¼ 0:25, and
Re ¼ 31:6 and Re ¼ 316 corresponding to La ¼ 103 and 105 , respectively. The algorithm proves to be stable, and the r.m.s. of the spurious currents are on the order of 1% of the translating velocity, as
shown in Fig. 20 (left). Similarly to the case of static droplet, when

Fig. 18. Time development of the r.m.s. velocity for the static droplet case with Wed ¼ 0:25, and La ¼ 103 and La ¼ 105 . f r (Eq. (12)) was computed using the curvature,
computed using Eq. (36) (left), or using the analytical curvature, j ¼ j0 (right).

j,
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Fig. 20. Time development of the r.m.s. velocity for the spherical droplet in a translating reference frame at uniform speed U ¼ 0:5 with Wed ¼ 0:25, La ¼ 103 and La ¼ 105 . f r
(Eq. (12)) was computed using the curvature, j, computed using Eq. (36) (left), or using the analytical curvature, j ¼ j0 (right).

Fig. 21. Instantaneous pressure contours and droplet/ﬂuid interface (C = 0.5 isoline) for a spherical droplet in the Taylor–Green vortex ﬂow (Re = 40, Wed ¼ 0:06, La = 103 ,
d = 0.15, N gp=d ¼ 20) at four different times.

using j ¼ j0 for computing f r , the r.m.s. velocity drops to Oð109 Þ
as shown in Fig. 20 (right).
6.3.3. Droplet in Taylor–Green vortex ﬂow
We then tested the numerical method with a droplet in a
Taylor–Green vortex (TGV) ﬂow. Fig. 21 shows the instantaneous
pressure contours, streamlines and droplet/ﬂuid interface
(C ¼ 0:5 isoline) in the coupled droplet/TGV ﬂow at four different

times. This case is for a single spherical droplet with Wed ¼ 0:06,
Re = 40 and La ¼ 103 using d ¼ 0:15 and N gp=d ¼ 20 in a 1283 mesh.
The initially spherical droplet was released at t ¼ 0 with its center
at ðx; y; zÞ ¼ ð0:6; 0:5; 0:5Þ. The solution is stable after several
thousands of time steps, the droplet interface remains smooth in
time, and spurious velocities are undetectable in the ﬂow ﬁeld
(Fig. 21). In order to quantify if spurious currents affect the mean
ﬂow statistics, we have computed the kinetic energy per unit mass,

336

A. Baraldi et al. / Computers & Fluids 96 (2014) 322–337

the droplet volume fraction is / ¼ 0:1. The curvature contours in
Fig. 23 show that the droplets curvature variations can reach and
exceed 10% of the initial curvature (red and blue regions).
The grind time for this simulation was 4:3  106 s using 1024
cores (Intel Xeon E5-2680 2.70 GHz processor). The grind time is
deﬁned as the CPU time per grid point per time step. Note that
CPU time = [wall-clock time]  [number of computing cores]. Thus,
the wall-clock time per time step for this run was approximately
5 s.
7. Concluding remarks

Fig. 22. Time development of the kinetic energy in the Taylor–Green vortex ﬂow for
the single-phase TGV, and the droplet-laden TGV with Re = 40, Wed ¼ 0:06 and
0.006 for La = 103 and 104 , respectively.

KE, of the single-phase TGV and the droplet-laden TGV at Re = 40,
and Wed = 0.06 and 0.006, corresponding to La ¼ 103 and 104 ,
respectively. The temporal development of the KE reported in
Fig. 22 shows that the KE of the droplet-laden TGV cases is nearly
identical to that of the single-phase TGV, thus, the spurious
currents are negligible.
6.3.4. Droplet-laden isotropic turbulence
In Fig. 23, we present DNS results of fully-resolved droplet-laden incompressible decaying isotropic turbulence at an initial Reynolds number based on Taylor length-scale of turbulence Rek ¼ 75
using a computational mesh of 10243 grid points and 7000
droplets. The droplet Weber number based on the r.m.s. velocity
ﬂuctuation of turbulence is Werms ¼ 0:5, the initial droplet
diameter is equal to the Taylor length-scale of turbulence, and

We have presented a coupled volume-of-ﬂuid/projection method to simulate droplet-laden incompressible turbulent ﬂows with
uniform density and viscosity. We adopted a three-dimensional
direction-split volume of ﬂuid (VoF) method for tracking volumes
accurately in incompressible velocity ﬁelds. Our VoF method relies
on the MYC interface reconstruction [11] and the EI–EA–LE advection scheme [10] to which we added a redistribution and wisp suppression algorithms (Section 4.2). EI–EA–LE has the advantage of
only requiring three advections and reconstructions per time step,
whereas EILE-3D requires six. The redistribution algorithm that we
developed makes the method consistent (0 6 C 6 1). Mass is conserved globally over the entire computational domain, and locally
for the individual tracked volumes. Local mass conservation in the
reference phase is ensured by our wisp suppression algorithm.
We tested the VoF method for tracking volumes of initially
spherical shape in analytical velocity ﬁelds (linear translation, solid-body rotation, single-vortex ﬂow, and Taylor–Green vortex)
and in incompressible isotropic turbulence at Rek0 ¼ 75 and 190.
These numerical tests, presented in Section 6.2, showed that the
VoF method is mass-conserving to machine precision, and that in
our tests for a CFL number of 0.1, the VoF geometrical error has
almost a second-order convergence rate for sufﬁciently resolved
volumes with more than 10 cells per diameter (Fig. 11). Also, the
isotropic turbulence tests over a period T equal to the integral
time-scale of turbulence, showed that a resolution of about 32 cells
per diameter on a sphere is needed in order to limit the VoF
geometrical error below 1%. This is a useful recommendation for
direct numerical simulations (DNS) of incompressible two-phase
(liquid–gas, or liquid–liquid) turbulent ﬂows where this VoF method may be used.
Then, we coupled the VoF method with a projection method
using the continuous surface force (CSF) model [12] according to
[13] to compute the surface tension force, f r , in the Navier–Stokes
Eq. (7). The resulting ﬂow solver simulates uniform-density droplet-laden incompressible ﬂows accurately and with half the
number of advection and reconstruction steps of EILE-3D [11].
We have presented the results (Section 6.3) for a droplet in a quiescent ﬂow, in a translating reference frame, in a Taylor–Green
vortex, and for droplet-laden isotropic turbulence.
As a continuation of this work, in Ref. [9], we have developed a
coupled pressure-correction/VoF method for DNS of droplet-laden
incompressible ﬂows with large density and viscosity variations
between the droplets and the surrounding ﬂuid.
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