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a b s t r a c t
We have developed a new pressure-correction method for simulating incompressible twoﬂuid ﬂows with large density and viscosity ratios. The method’s main advantage is that
the variable coeﬃcient Poisson equation that arises in solving the incompressible Navier–
Stokes equations for two-ﬂuid ﬂows is reduced to a constant coeﬃcient equation, which
can be solved with an FFT-based, fast Poisson solver. This reduction is achieved by splitting
the variable density pressure gradient term in the governing equations. The validity of this
splitting is demonstrated from our numerical tests, and it is explained from a physical
viewpoint.
In this paper, the new pressure-correction method is coupled with a mass-conserving
volume-of-ﬂuid method to capture the motion of the interface between the two ﬂuids
but, in general, it could be coupled with other interface advection methods such as levelset, phase-ﬁeld, or front-tracking. First, we veriﬁed the new pressure-correction method
using the capillary wave test-case up to density and viscosity ratios of 10,000. Then,
we validated the method by simulating the motion of a falling water droplet in air and
comparing the droplet terminal velocity with an experimental value. Next, the method is
shown to be second-order accurate in space and time independent of the VoF method,
and it conserves mass, momentum, and kinetic energy in the inviscid limit. Also, we show
that for solving the two-ﬂuid Navier–Stokes equations, the method is 10–40 times faster
than the standard pressure-correction method, which uses multigrid to solve the variable
coeﬃcient Poisson equation. Finally, we show that the method is capable of performing
fully-resolved direct numerical simulation (DNS) of droplet-laden isotropic turbulence with
thousands of droplets using a computational mesh of 10243 points.
© 2014 Elsevier Inc. All rights reserved.

1. Introduction
In the incompressible ﬂow of two immiscible ﬂuids, the density is discontinuous at the interface, and the density ratio
can be of order one thousand (e.g., air–water). Thus, simulating two-ﬂuid ﬂows using a constant density approximation, e.g.,
the Boussinesq approximation, is not justiﬁed. Therefore, the density change between the two ﬂuids must be accounted for
directly when solving the governing equations of ﬂuid motion. From a numerical point of view, this introduces additional
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challenges which are not present when solving incompressible single-ﬂuid ﬂows. These challenges are to obtain a numerical
method that is computationally eﬃcient, second-order accurate, and stable for large density ratios.
A common solution technique for the incompressible Navier–Stokes equations is the projection method [1]. In the projection method, a Poisson equation for pressure must be solved numerically at each time step. This operation takes most of
the computational time in the projection method. Consequently, much work has gone into developing so-called “fast Poisson solvers”, which use a combination of fast Fourier transforms (FFT) and Gauss elimination to solve the Poisson equation
directly in Fourier space (e.g., [2–5]). However, fast Poisson solvers cannot solve the Poisson equation for pressure that arises
in two-ﬂuid ﬂows when advancing the solution from time t n to t n+1 (t = t n+1 − t n ):



∇·


1
n +1
=
∇
p
∇ · u∗ , Al
n
+
1
t
ρ
1

(1)

where ρ is the density, p is the pressure, and u∗ is the approximate velocity ﬁeld at t n+1 . Fast Poisson solvers require a
constant coeﬃcient on the left-hand side of the Poisson equation, whereas the coeﬃcient (1/ρ n+1 ) on the left-hand side of
Eq. (1) varies in space and time. To solve the variable coeﬃcient equation (1), a standard practice has been to use iterative
methods, e.g., multigrid methods [6–8], Krylov methods [9,10] or Krylov methods preconditioned with multigrid [11]. The
downside is that iterative methods are often slower than fast Poisson solvers. In fact, they can be up to ten times slower
[2]. Additionally, an iterative method’s operation count depends on problem parameters (e.g., density ratio) and convergence
tolerance, whereas fast Poisson solvers have the advantage of ﬁxed operation counts.
To reduce the computational time in solving variable density incompressible ﬂows, Guermond and Salgado [12] adopted a
penalty formulation, whereby only a constant coeﬃcient Poisson equation must be solved at each time step. More recently,
for solving the two-ﬂuid coupled Navier–Stokes Cahn–Hilliard (phase-ﬁeld) equations, Dong and Shen [13] developed a
velocity-correction method that transforms the Poisson equation (1) from a variable to a constant coeﬃcient equation. The
underlying idea is to split the variable-coeﬃcient pressure-gradient term into a constant term and a variable term, and then
treat the constant term implicitly and the variable term explicitly as

1

ρ n +1

∇p

n +1

→

1

ρ0

∇p

n +1



+

1

ρ n +1

−

1

ρ0



∇ p̂ ,

(2)

where ρ0 is a constant to be deﬁned in Section 2 and p̂ is an explicit approximation to the pressure at time level n + 1,
speciﬁcally,



p̂ =

pn
p∗

= 2p − p
n

n −1

if J = 1,
if J = 2,

(3)

where the choice of J = 1 or 2 indicates, respectively, constant or linear extrapolation of pn+1 .3 Then, applying the substitution (Eq. (2)) to the left-hand side of Eq. (1), leads to a constant coeﬃcient Poisson equation for pressure,
2 n +1

∇ p



=∇·





ρ0
ρ0
1 − n+1 ∇ p̂ +
∇ · u∗
t
ρ

(4)

that can be solved directly using a fast Poisson solver. Also, in contrast to solving Eq. (1), there is no need to assemble
variable coeﬃcient matrices at each time step when solving Eq. (4). Therefore, by using the splitting technique in Eq. (2),
there is potential for signiﬁcant speedup in solving the Navier–Stokes equations for incompressible two-ﬂuid ﬂows.
In this paper, we aim to answer the following questions on applying the splitting technique (Eq. (2)) to the two-ﬂuid
Navier–Stokes equations:

• Is the split method (Eq. (4)) physically less accurate than the unsplit method (Eq. (1)) and does the accuracy of the split
method depend on the type of extrapolation chosen in Eq. (3)?

• What are the computational savings of using the split method? Speciﬁcally, how much faster is it to solve Eq. (4)
directly versus Eq. (1) iteratively?
To answer these questions, we ﬁrst develop a two-ﬂuid pressure-correction method with a constant coeﬃcient Poisson
equation, which can be solved directly with a fast Poisson solver. Next, we apply the method to several two-ﬂuid ﬂows to
verify and validate the new method, quantify its performance, and evaluate its spatial and temporal accuracy.
The paper is organized as follows: in Section 2 we describe the new pressure-correction method for uniform Cartesian
grids and periodic boundary conditions and its coupling to the volume-of-ﬂuid (VoF) method. Section 3 compares the
numerical solutions obtained when using the standard, unsplit method (i.e., solving Eq. (1), called Unsplit), the split method,
Eq. (2), using J = 1 (called FastPn ), and the split method using J = 2 (called FastP∗ ). Next, we assess the performance of the
unsplit and split formulations by comparing the CPU time when solving Eq. (1) using a multigrid solver to the CPU time

3

A similar strategy for handling variable coeﬃcients in the advection–diffusion equation was proposed by Gottlieb and Orszag [14, Section 9, p. 114].
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when solving Eq. (4) using a fast Poisson solver. Section 4 veriﬁes and validates the new pressure-correction/volume-of-ﬂuid
ﬂow solver. This includes two canonical ﬂows and DNS of droplet-laden decaying isotropic turbulence.
The potential computational savings suggest that our method is well-suited for fully-resolved DNS of bubble- and dropletladen turbulent ﬂows in simple geometries. In addition, because Eq. (1) is present regardless of the method used to advect
the ﬂuid interface, the pressure-correction method presented is useful in other interface-capturing (e.g., level-set or phaseﬁeld) and front-tracking methods. Furthermore, the splitting technique of the new pressure-correction method could be
extended to simulate low-Mach number ﬂows that use the pressure-correction method, e.g., [15].
2. Mathematical description
2.1. Governing equations
The governing equations for the incompressible ﬂow of two immiscible ﬂuids are

∇ · u = 0,

 
∂u
1
1
−∇ p + ∇ · μ ∇ u + ∇ uT
+ ∇ · (uu) =
∂t
ρ
Re

+

(5a)



1
We

+

fσ

1
Fr

g

(5b)

where u = u(x, t ) is the ﬂuid velocity, p = p (x, t ) is the pressure, ρ = ρ (x, t ) is the density, μ = μ(x, t ) is the dynamic
viscosity, g is the gravitational acceleration, and fσ = fσ (x, t ) is the force per unit volume due to surface tension,

fσ = σ κ δ(x − xs )n,

(6)

where σ is the surface tension coeﬃcient, κ is the curvature of the interface between the two ﬂuids (denoted ﬂuid 1 and
ﬂuid 2), n is the unit normal pointing into ﬂuid 2 at the interface, and δ is the Dirac δ -function that is needed to impose
the force only at the interface position xs . In this paper, the surface tension coeﬃcient is constant in space and time, and
the symbol σ is replaced by its non-dimensional value 1/We. In Eq. (5b), Re, We, and Fr are, respectively, the Reynolds,
Weber, and Froude numbers deﬁned as:

Re =

Ũ L̃ ρ̃1

μ̃1

,

ρ̃1 Ũ 2 L̃
,
σ̃

We =

Fr =

Ũ 2
g̃ L̃

(7)

,

where Ũ , L̃, ρ̃1 , μ̃1 , σ̃ , and g̃ denote, in order, the reference dimensional velocity, length, density, dynamic viscosity, surface
tension coeﬃcient, and gravitational acceleration used to non-dimensionalize the governing equations (5a) and (5b). The
subscripts 1 and 2 indicate ﬂuid 1 and ﬂuid 2, respectively. We have chosen to non-dimensionalize the density and dynamic
viscosity in Eq. (5b) by choosing ﬂuid 1 as the reference phase, which makes ρ1 = 1 and μ1 = 1. Throughout the paper, all
variables are dimensionless unless they are accented with ∼. Also, we impose periodic boundary conditions in all spatial
directions unless noted otherwise.
2.2. Pressure-correction method
Our two-ﬂuid pressure-correction method is developed starting from that of Chorin [1] and Temam [16] for single-phase
ﬂows. The solution algorithm proceeds by advecting the volume fraction of ﬂuid 2, C (x, t ), based on the known velocity
ﬁeld un . The VoF advection algorithm [17] that computes C n+1 (x) is brieﬂy described in the next section. The volume
fraction has value C = 0 in ﬂuid 1, C = 1 in ﬂuid 2, and 0 < C < 1 in cells containing the interface separating the two ﬂuids.
After computing C n+1 , the density and viscosity are computed at time level n + 1 as

ρ n+1 (x) = ρ2 C n+1 (x) + ρ1 1 − C n+1 (x)
μn+1 (x) = μ2 C n+1 (x) + μ1 1 − C n+1 (x) .

(8)
n

Next, an approximate velocity is computed by ﬁrst deﬁning RU as



RUn = −∇ · un un +

1



ρ

Re




∇ · μn+1 ∇ un + ∇ un
n +1
1

T



+

1



ρ

We



1

κ n +1 ∇ C n +1 +
n +1

1
Fr

g,

(9)

which is the right-hand side of the momentum equation (5b) without the pressure gradient term. The surface tension force,
fσ , is computed as fσ = σ κ ∇ C by adopting Brackbill’s continuum surface force approach [18]. Next, as recommended in
[18], we multiply fσ in Eq. (5b) by ρ (x, t )/ρ , where ρ  ≡ 12 (ρ1 + ρ2 ), such that fσ is constant across the interface, which
reduces the magnitude of the spurious currents at high density ratios (not shown). Thus, Eq. (9) becomes



RUn = −∇ · un un +

1
Re






∇ · μn+1 ∇ un + ∇ un
n +1
1

ρ

T



+





κ n +1 ∇ C n +1
1
+ g.
We
ρ 
Fr
1

(10)

The interface curvature κ n+1 is computed using the height-function method [19] with improvements by López et al. [20].
The equations are integrated in time using the Adams–Bashforth scheme:
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Table 1
Summary of two-ﬂuid pressure-correction methods.

u∗ − un

t

Method

Poisson equation

p̂

Poisson solver

FastP∗
FastPn
Unsplit

(16)
(16)
(13)

2pn − pn−1
pn
–

Fast Poisson
Fast Poisson
Multigrid

3

1

2

2

= RUn − RUn−1 .

(11)

In the pressure-correction method, to satisfy the divergence-free condition (5a), the velocity ﬁeld is advanced in time by
applying the pressure-correction to the approximate velocity, u∗ , as

un+1 − u∗

t

=−

1

ρ n +1

∇ p n +1 .

(12)

Then, by taking the divergence of Eq. (12) and imposing the divergence-free condition on un+1 , we get a Poisson equation
for pressure with variable coeﬃcient (1/ρ n+1 ):



∇·


1
n +1
=
∇
p
∇ · u∗ .
n
+
1
t
ρ
1

(13)

Eqs. (11), (12), and (13) are solved in a standard, two-ﬂuid pressure-correction method (e.g., [21,22]), which we call the Unsplit method. We solve Eq. (13) iteratively using the hypre library [23,24]. Speciﬁcally, we use the semicoarsening multigrid
(SMG) method for structured grids, which was ﬁrst introduced in [25].
In our new pressure-correction method, the goal is to obtain a constant coeﬃcient Poisson equation in place of the
variable coeﬃcient Poisson equation (13). To this end, we split the pressure gradient term into a constant part (1/ρ0 ) and
variable part (1/ρ n+1 ), and then treat the constant part implicitly and the variable part explicitly as

1

ρ

∇ p n +1 →
n +1

1

ρ0

∇ p n +1 +



1

ρ n +1

−

1



ρ0

∇ p̂ ,

(14)

where ρ0 = min(ρ1 , ρ2 ) for numerical stability [13] and p̂ is given by Eq. (3). We show in Section 3 that the choice J = 1
(called FastPn because p̂ = pn ) reduces the physical accuracy of the solution for ﬂows with ﬁnite surface tension. We will
show in Section 3 that, for our pressure-correction method, the choice J = 2 (called FastP∗ because p̂ = p ∗ = 2pn − pn−1 ),
is required to accurately simulate ﬂows with ﬁnite surface tension. Substituting (14) in Eq. (12) gives:

un+1 − u∗





1
1
1
∇
.
=−
∇ p n +1 +
−
p̂
n +1

ρ0

t

ρ0

ρ

(15)

Then, by taking the divergence of (15) while imposing ∇ · un+1 = 0 yields a constant coeﬃcient Poisson equation,

∇ 2 p n +1 = ∇ ·





1−



ρ0
ρ0
∇ p̂ +
∇ · u∗ ,
t
ρ n +1

(16)

which can be solved directly using a fast Poisson solver (e.g., [4,5]). Finally, using (15), we update the velocity ﬁeld by
applying the pressure-correction to u∗ as
n +1

u

∗

= u − t



1

ρ0

∇p

n +1



+

1

ρ n +1

−

1

ρ0





∇ p̂ .

(17)

In summary, our new pressure-correction algorithm advances the numerical solution in time using the following four steps:
1. Compute C n+1 by advecting the C ﬁeld using the VoF advection algorithm described in Section 2.3 and [17], or compute
C n+1 using other methods, e.g., level-set or front-tracking. Then, compute cell-centered values for density and viscosity
at time level n + 1 using Eq. (8).
2. Compute RUn using Eq. (10), and then compute u∗ using Eq. (11).
3. Compute pn+1 by solving the constant-coeﬃcient Poisson equation (16) using a fast Poisson solver, e.g., [5].
4. Compute un+1 using Eq. (17) in which the pressure correction pn+1 is applied to the approximate velocity u∗ .
In step 3, we solve the Poisson equation using a combination of one-dimensional FFTs in the x- and y-directions, and
Gauss elimination in the z-direction [5]. The three methods are summarized in Table 1.
The time step (t) must be restricted to ensure numerical stability due to our choice of explicit treatment of the
convective, viscous, and surface tension terms. t is calculated as

1

t ≤ min(t c , t ν , t σ ),
2

(18)
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where

t c =

x
|U |max

t ν =
t σ =

(19)

Re x2

(20)

6
We(ρ1 + ρ2 )x3
4π

(21)

.

For cases of low Re, the viscous stability restriction (20) can be eliminated by treating the viscous terms implicitly (see
Appendix A), however, in all the simulations presented in this paper, the viscous terms were treated explicitly as in Eq. (10)
either because: (i) t ν > t σ , (ii) the stability restriction imposed by large density and viscosity gradients was greater than
the restriction imposed by t ν , or (iii) switching to implicit time integration would not reduce the number of time steps
enough to offset the additional computational cost of solving three Helmholtz equations at each time step. For cases of
low We, the capillary time step restriction (21) can be lessened by a method outlined in [26] or eliminated by treating the
surface tension implicitly [27], however these options were not pursued for this paper.
Finally, the numerical methods described in this section have been implemented using Fortran 90, the message passing
interface (MPI), OpenMP, and FFTW [28]. To perform parallel multi-core simulations, the domain is decomposed such that
the data is distributed in memory in the y-direction and contiguous in memory in the x- and z-directions. The following
algorithm is used to solve the Poisson equation for pn+1 in parallel.
Algorithm of parallel fast Poisson solver (PFPS).
1. Perform real-to-complex FFT in the x-direction to the right-hand side of Eq. (16), which is a three-dimensional (3-D)
scalar ﬁeld;
2. Transpose the 3-D complex data among the computing cores such that the resulting data is distributed in the x-direction
and contiguous in the y-direction;
3. Perform complex-to-complex FFT in the y-direction of the 3-D data;
4. Perform Gauss elimination in the z-direction to obtain pn+1 in Fourier space [5];
5. Perform complex-to-complex, inverse FFT in the y-direction of the 3-D data;
6. Transpose the 3-D complex data among the computing cores such that it is distributed in the y-direction and contiguous
in the x-direction;
7. Perform complex-to-real, inverse FFT in the x-direction of the resulting 3-D data to obtain pn+1 .
2.2.1. Spatial discretization
We discretize Eqs. (10), (16), and (17) in 3-D on a uniform staggered Cartesian mesh using central differences. For
brevity, we report here the details of the spatial discretization in 2-D. The extension to 3-D follows analogously from the
2-D discretization. The u-component of velocity is located at xi +1/2, j , the v-component at xi , j +1/2 , and all other variables
are centered at xi , j . Our discretization has the advantage over colocated schemes of not requiring an auxiliary cell-centered
velocity ﬁeld.
We begin discretizing Eq. (10) by categorizing the terms as convective ﬂuxes RCU, diffusive ﬂuxes RDU, and body forces
RBU (surface tension and gravity):

RU = RCU + RDU + RBU
with

(22)



RCU = −∇ · un un
RDU =

1






∇ · μn+1 ∇ un + ∇ un
n +1
1

T



ρ

1 κ n +1 ∇ C n +1
1
+ g.
RBU =
We
ρ 
Fr
Re



(23)

The convective ﬂuxes RCU are equivalent to those found in one-ﬂuid ﬂow so we do not include their discretization here
(see, e.g., [29]). We include the discretization of RDU and RBU for completeness and because there is no well-established
second-order discretization of these terms. The components of the viscous ﬂux vector RDU are discretized and computed as
follows:

RDU i +1/2, j =
and

1

1

Re (ρi +1/2, j )



DUX i +1, j − DUX i , j

x

+

DUY i +1/2, j +1/2 − DUY i +1/2, j −1/2

y



(24)
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RDV i , j +1/2 =



1

1

DUY i +1/2, j +1/2 − DUY i +1/2, j −1/2

Re (ρi , j +1/2 )

x

+

DVY i , j +1 − DVY i , j

y
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,

(25)

where x and  y are the grid sizes in the x- and y-directions, respectively. In Eqs. (24) and (25), the density at the
staggered locations is computed using the arithmetic mean as

1

1

2

2

ρi+1/2, j = (ρi+1, j + ρi, j ) and ρi, j+1/2 = (ρi, j+1 + ρi, j ).

(26)

The strain rates in Eqs. (24) and (25) are calculated as



u i +1/2, j − u i −1/2, j

DUX i , j = 2μi , j

x



DUY i +1/2, j +1/2 = μi +1/2, j +1/2


DVY i , j = 2μi , j



(27)

u i +1/2, j +1 − u i +1/2, j

v i , j +1/2 − v i , j −1/2

y



+

v i +1, j +1/2 − v i , j +1/2



x

(29)

,

y

(28)

where the staggered viscosity in Eq. (28) is computed using the arithmetic mean

1

μi+1/2, j+1/2 = (μi+1, j+1 + μi+1, j + μi, j+1 + μi, j ).

(30)

4

Note that in Eq. (24), we substituted DUY for DVX because of the symmetry of the rate-of-strain tensor.
Next, we compute the components of the body force vector RBU where the non-dimensional gravitational acceleration
in Eq. (5b) is g = 1 and in the negative y-direction (g = −ĵ). Special treatment is required when gravity is oriented in
the direction of periodic boundaries to prevent uniform acceleration of both ﬂuids [7,30]. We explicitly account for the
hydrostatic pressure term in the momentum equation (5b) by adding fh /ρ to the right-hand side of Eq. (5b), where

fh = −

ρ1 V 1 + ρ2 V 2
V1 + V2

g,

(31)

and V 1 and V 2 are the total volumes of ﬂuid 1 and 2. The discretized components of RBU are





κi+1/2, j C i+1, j − C i, j
We ρ 
x




1 κi , j +1/2 C i , j +1 − C i , j
1
fh
+
−1 ,
RBV i , j +1/2 =
We ρ 
y
Fr ρi , j +1/2
RBU i +1/2, j =

1

(32)
(33)

where, as a reminder, ρ  ≡ 12 (ρ1 + ρ2 ).
The surface tension force fσ must be discretized at the staggered grid locations to be consistent with the location of the
pressure gradient term [9]. This discretization produces an exact balance of the pressure gradient and the surface tension if
the curvature is exact [17]. The curvature is computed at the staggered grid point xi +1/2, j as

⎧
⎪
⎨ κ i +1 , j

if κi , j = 0
κ
if κi +1, j = 0
κi+1/2, j =
i, j
⎪
⎩ 1 (κ
i +1, j + κi , j ) otherwise.
2

(34)

Next, we discretize the right-hand side of Eq. (16), which serves as input to the fast Poisson solver:

∇ 2 pni ,+j 1 =

DPX i +1/2, j − DPX i −1/2, j

x

where


DPX i +1/2, j = 1 −

ρ0



+

DPY i , j +1/2 − DPY i , j −1/2

y

p̂ i +1, j − p̂ i , j

DIVU i , j =

ρ0
t



u ∗i +1/2, j − u ∗i −1/2, j

x

+

(35)


(36)

,

ρi+1/2, j
x



p̂ i , j +1 − p̂ i , j
ρ0
,
DPY i , j +1/2 = 1 −
ρi, j+1/2
y
and

+ DIVU i , j

v ∗i , j +1/2 − v ∗i , j −1/2

y

Finally, the components of Eq. (17) are discretized as

(37)


.

(38)
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uni ++11/2, j

= u ∗i +1/2, j

v ni ,+j +1 1/2

v ∗i +1/2, j


− t

1

ρ0

and

=


− t



1

pni ++11, j − pni ,+j 1


+

x


ρ0

pni ,+j +1 1 − pni ,+j 1





y

ρi+1/2, j


+

1

1

ρi, j+1/2

−

−

1



ρ0

1

ρ0

p̂ i +1, j − p̂ i , j


(39)

x


p̂ i , j +1 − p̂ i , j

y


.

(40)

2.3. Volume-of-ﬂuid method
We are using a recently developed VoF method that is mass-conserving, consistent (0 ≤ C ≤ 1), and wisps-free [17].
A brief description is reported here.
In the VoF method, the sharp interface between the two immiscible ﬂuids is determined using the VoF color function, C ,
which represents the volume fraction of ﬂuid 2 in each computational cell. In our VoF method, the interface between the
two phases is reconstructed using a piecewise linear interface calculation (PLIC) [31]. The interface reconstruction in each
computational cell consists of two steps: the computation of the interface normal n = (nx , n y , n z ) and the computation of
the interface location. The algorithm that we use to evaluate the interface normal is a combination of the centered-columns
method [32] and Youngs’ method [31] known as the mixed-Youngs-centered (MYC) method [33].
We deﬁne a characteristic function χ that has value χ = 1 in ﬂuid 2 and χ = 0 in ﬂuid 1. χ is governed by the following
advection equation:

∂χ
+ u · ∇ χ = 0.
∂t

(41)

The volume fraction C i , j ,k of grid cell i , j , k is related to the characteristic function

C i , j ,k (t ) =

1



χ by the integral relation

χ (x, t )dx,

V0

(42)

Ω

where V 0 is the volume of the i , j , k cell.
The volume fraction C is advanced in time using the Eulerian implicit – Eulerian algebraic – Lagrangian explicit (EIEA-LE) algorithm originally proposed by Scardovelli et al. [34]. The original EI-EA-LE algorithm is globally mass-conserving
but generates wisps and does not conserve the mass of the individual volumes tracked in the ﬂow. We have improved
this method by adding redistribution and wisp-suppression algorithms [17]. The redistribution algorithm corrects small inconsistencies in the volume fraction values (i.e., C < 0 and C > 1) that arise in the Eulerian algebraic (EA) step. The wisp
suppression algorithm removes small errors arising from the ﬁnite machine precision. Because our method is consistent
and wisps-free, it conserves mass both globally and locally within each ﬂuid. The cell-centered volume fraction C is advected using the face-centered velocity ﬁeld. The method displays second-order spatial accuracy for values of CFL number
t /x ≤ 0.1. Furthermore, the average geometrical error (E g = |C (x) − C exact (x)|) is less than 1% for a moving droplet with
30 grid cells or more across the diameter. The complete description of the method and the results are reported by Baraldi
et al. [17].
3. Comparison of FastP∗ , FastPn , and Unsplit methods
To determine if the substitution (14) is a valid approximation in two-ﬂuid ﬂows for the choices J = 1 and J = 2, we
investigated the agreement of numerical solutions obtained using the FastPn and FastP∗ methods with the solution obtained
using the Unsplit method, which serves as reference (Table 1).
3.1. Falling droplet
We simulate a water droplet falling in quiescent air. The dimensional constants for this case are:

ρ̃a = 1.204 kg/m3 ,

ρ̃w = 998.2 kg/m3 ,

μ̃a = 1.837 × 10−5 kg/(m s),

μ̃w = 1.002 × 10−3 kg/(m s),

σ̃ = 7.28 × 10−2 kg/s2 ,
g̃ = 9.81 m/s2 ,

(43)

where the subscripts ‘a’ and ‘w’ denote air (ﬂuid 1) and water (ﬂuid 2), respectively. The initial dimensional droplet diameter
is D̃ 0 = 1.4 mm and the domain is a rectangular box with dimensions ( L x × L y × L z ) = (2D 0 × 2D 0 × 4D 0 ) where D 0 = 0.5.
The domain is discretized with 64 × 64 × 128 grid points, and the CFL number is t /x = 0.025 to satisfy Eq. (21). The box
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Table 2
Non-dimensional parameters used for the rising bubble and falling droplet tests.
Case

Re

We

Fr

D0

ρ2 /ρ1

μ2 /μ1

Falling droplet
Rising bubble

304
217

0.127
121

100
1.0

0.5
0.5

829
1.21e−3

54.5
2.45e−4

Fig. 1. Time development of a water droplet falling in air using the FastP∗ (dashed black line), FastPn (dotted black line), and Unsplit (solid red line)
methods. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)


width L̃ x and 100 g̃ L̃ x are used as the reference length and velocity scales respectively in Eq. (7). The ﬁrst row of Table 2
lists the non-dimensional parameters used in this study.
At time t = 0, we released the droplet from rest at (x, y , z) = (0.5, 0.5, 1.5). The ﬂow is integrated from t = 0 to t = 3
using one of the three different pressure-correction methods described in Section 2.2: FastP∗ , FastPn , or Unsplit. Fig. 1 shows
the time evolution of the cross-section of the droplet surface in the y = 0.5 plane. We ﬁnd that the FastP∗ method is in
excellent agreement with the Unsplit method, whereas the FastPn method underpredicts the droplet displacement, in fact,
the droplet remains nearly in its initial position. This veriﬁes the FastP∗ method against the Unsplit method for the falling
droplet case. In Section 4.4, we validate the FastP∗ method by comparing our numerical solution for the terminal velocity
of a falling droplet to an experimental value.
3.2. Rising bubble
Next, we simulate a bubble with initial diameter D̃ 0 = 1.5 cm rising in aqueous sugar water due to buoyancy. For this
case, ﬂuid 1 is water and ﬂuid 2 is air. The second row of Table 2 lists the non-dimensional parameters used for this case.
The computational domain and the dimensional parameters are the same as in the falling droplet case (Eq. (43)), except the
dynamic viscosity of the sugar water is μ̃w = 7.5 × 10−2 kg/(m s). The domain is discretized with 64 × 64 × 128 grid points,
and the CFL number
is t /x = 0.005 to maintain numerical stability due to the high viscosity ratio (μ1 /μ2 = 4080). The

box width L̃ x and
g̃ L̃ x are used as the reference length and velocity scales, respectively, in Eq. (7). At time t = 0, we
released the bubble from rest at (x, y , z) = (0.5, 0.5, 0.5).
Again, we tested FastP∗ , FastPn , and Unsplit for solving this ﬂow. Fig. 2 shows the time evolution of the bubble surface
cross-section in the y = 0.5 plane. The results show that the FastP∗ method is again in excellent agreement with the Unsplit
method. In contrast, the FastPn method is in poor agreement with the Unsplit method. Overall, FastPn correctly predicts
the bubble shape but overpredicts its displacement, whereas FastP∗ correctly predicts the bubble shape and position. This
veriﬁes the FastP∗ method against the Unsplit method for the rising bubble case as well.
3.3. Discussion on the FastPn and FastP∗ methods
In this section, we examine the validity of splitting the variable coeﬃcient pressure gradient term as in Eq. (2) from
a physical viewpoint by considering three positions in a two-ﬂuid ﬂow: (i) in ﬂuid 1, (ii) in ﬂuid 2, and (iii) at the interface
separating ﬂuids 1 and 2.
For our example we assume ρ2 > ρ1 , which gives ρ0 = ρ1 . We consider the ﬁrst position (in ﬂuid 1) and write Eq. (2):

1

ρ1

∇ p n +1 →

1

ρ1

∇ p n +1 +



1

ρ1

−

1

ρ1



∇ p̂ =

1

ρ1

∇ p n +1 .

(44)

In (44), we observe that the substitution (2) applied to ﬂuid 1 is exact. Next, we consider (2) in ﬂuid 2 for which the
pressure substitution becomes
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Fig. 2. Time development of an air bubble (initially spherical) in water using the FastP∗ (dashed black line), FastPn (dotted black line), and Unsplit (solid
red line) methods. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

1

ρ2

∇p

n +1

→

1

ρ1

∇p

n +1


+

1

ρ2

−



1

ρ1

∇ p̂ .

(45)

This substitution is a good approximation if ∇ p̂ ≈ ∇ pn+1 and exact if ∇ p̂ = ∇ pn+1 . In other words, (45) is valid if the local
pressure is smooth in time (no shocks, i.e., ∇ p̂ ≈ ∇ pn+1 ), which holds for incompressible ﬂows. Therefore, we conclude that
(2) is valid in ﬂuid 2. Last, we consider (2) at the interface, which gives

1

ρ 

∇ p n +1 →

1

ρ1

∇ p n +1 +



1

ρ 

−

1

ρ1



∇ p̂ .

(46)

Again, this substitution is exact if ∇ p̂ = ∇ pn+1 and valid if ∇ p̂ ≈ ∇ pn+1 . However, at the interface, the local pressure ﬁeld
may not be smooth in time and the pressure jump  p = p 2 − p 1 is governed by

 p = σ κ + 2μ2 n · ∇ u · n − 2μ1 n · ∇ u · n

(47)

where n is the outward pointing unit normal [18]. We note that because the surface tension force is computed using
∇ C , the discrete pressure jump ( p) will be distributed over a region of thickness O(x). The challenge expressed in
Eq. (46) is to accurately compute p̂ using past pressure values (pn , pn−1 , . . .) in the sharp transition region such that
∇ p̂ ≈ ∇ pn+1 . Our results suggest that a second-order approximation of p̂ (FastP∗ ) is signiﬁcantly more accurate than a
ﬁrst-order approximation of p̂ (FastPn ) for predicting the pressure gradient ∇ pn+1 in the interfacial region. In fact, we
found that the ﬁrst-order approximation is only usable for  p ≈ 0, i.e., in the limit of zero surface tension (σ = 0) and
inviscid ﬂow (μ2 = μ1 = 0). We also found that using higher-order approximations beyond second-order gave inaccurate
results.
While testing the FastP∗ method, we have found that only in extreme cases of combined high surface tension, curvature,
and density ratio, e.g., micron size water droplets in air, the CFL number must be reduced by an amount proportional to the
product of σ , κ , and max(ρ2 , ρ1 )/ min(ρ2 , ρ1 ) to preserve numerical accuracy. However, in these extreme cases, the role of
surface tension is only to maintain the droplet’s spherical shape. Therefore, the surface tension coeﬃcient σ can be reduced
as long as the droplet remains spherical, and thus the CFL number can be increased without loss of accuracy. We note that
for all the cases presented in this paper, the difference in droplet position and velocity of FastP∗ relative to Unsplit was less
than 1%.
3.4. Performance
The solution of the Poisson equation for pressure is the computational bottleneck in pressure-correction methods, taking
more than 50% of the computational time. In this section, we investigate the computational cost of solving the variable and
constant coeﬃcient Poisson equations for pressure in two-ﬂuid ﬂows with the iterative and direct (fast Poisson) solvers,
respectively.
To solve the variable coeﬃcient Poisson equation (13), we incorporated the hypre library [23] into our ﬂow solver. The
hypre library allows us to benchmark the latest parallel techniques for solving the variable coeﬃcient Poisson equation (13)
iteratively. We tested different combinations of preconditioners and solvers and found that hypre SMG outperformed all
others for our test case on a Cartesian uniform grid. Also, we note that hypre SMG has good scaling up to 100,000 cores
[35] and has been used in other massively parallel incompressible ﬂow solvers, e.g., [36]. Thus, we used hypre SMG to solve
Eq. (13) in our Unsplit method. Finally, to minimize the number of iterations, we used the previous pressure ﬁeld (pn ) as
an initial guess of the pressure solution (pn+1 ).
For our test case we simulated a single droplet in decaying isotropic turbulence for 256 time steps. The parameters are:

Re = 107,000,

We = 0.25,

Fr = ∞,

D 0 = 0.25,

ρ2 /ρ1 = 1000,

μ2 /μ1 = 1.

(48)
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Fig. 3. Weak scaling of multigrid and fast Poisson solvers on Intel Xeon E5-2680.

Table 3
Wall clock time per time step (s) and speedup factor for the solution of the Poisson equation (middle column) and the two-ﬂuid Navier–Stokes equations
(right column) on a 10243 grid using 1024 computing cores on Intel Xeon E5-2680.
Multigrid tolerance

|∇ · un+1 |max < 10−6
|∇ · un+1 |max < 10−14

Poisson solver

Two-ﬂuid Navier–Stokes solver

Multigrid (s)

PFPS (s)

Speedup

Unsplit (s)

FastP∗ (s)

Speedup

14.32
42.04

0.62
0.62

23.00
67.52

14.74
42.46

1.06
1.06

13.88
39.99

The initial Reynolds number based on the Taylor microscale of turbulence, λ, is Reλ0 = 190. The simulations were performed
on an Intel Xeon E5-2680 system. We analyzed the weak scaling of the two Poisson solvers by keeping the problem size per
core constant at 1283 /2 grid points and increasing the number of cores from 2 to 1024. For example, when we used 1024
cores we used 10243 grid points. For all core counts, hypre SMG required 8 multigrid iterations when using a 10−6 tolerance.
Fig. 3 shows the average CPU time required to solve the Poisson equations (13) and (16) using multigrid (hypre SMG) and
our parallel implementation for multi-core computers of the fast Poisson solver by Schmidt et al. [37] (see Algorithm of
PFPS in Section 2.2), respectively. PFPS is about twenty times faster than the multigrid method for all core counts tested.
For all cases, the total computational time to solve the two-ﬂuid Navier–Stokes equations ((11), (16), and (17)) for FastP∗
was ten times lower than that for the Unsplit method.
In addition, the FastP∗ method satisﬁes the divergence-free constraint on the velocity ﬁeld to machine precision at every
grid point (i.e., |∇ · un+1 |max < 10−14 ). In contrast, the Unsplit method requires decreasing the convergence tolerance of the
multigrid solver to achieve machine precision accuracy. Table 3 summarizes the wall clock time and speedup seen when
using Multigrid versus PFPS and Unsplit versus FastP∗ for a tolerance of 10−6 and 10−14 . These results are for the 10243
grid (1024 compute cores). The table shows that for |∇ · un+1 |max < 10−6 PFPS is 23 times faster than Multigrid for solving
Eq. (13) and Eq. (16), respectively. If the tolerance is decreased to |∇ · un+1 |max < 10−14 , the speedup factor increases to
67.52. Table 3 shows that for |∇ · un+1 |max < 10−6 FastP∗ is 13.88 times faster than Unsplit for solving Eqs. (11)–(13) and
Eqs. (10), (16), and (17), respectively. For the decreased tolerance of |∇ · un+1 |max < 10−14 , the speedup factor increases
to 39.99. As we mentioned, PFPS and FastP∗ satisfy |∇ · un+1 |max < 10−14 by default, whereas for Unsplit, the Multigrid
convergence tolerance must be decreased to 10−14 . The decreased tolerance increases the number of Multigrid iterations to
34 resulting in greater wall clock time. Table 3 also shows that for the Unsplit method the solution of Eq. (13) takes greater
than 97% of the solution time, and for the FastP∗ method the solution of Eq. (16) takes greater than 58% of the solution
time.
Finally, the pressure-splitting (14) is also advantageous for iterative methods like hypre SMG because it yields only
constant coeﬃcient matrices (see left-hand side of Eq. (16)), whereas standard Unsplit methods involve variable coeﬃcient
matrices (see left-hand side of Eq. (13)) that must be setup and computed at each timestep. We found that the setup of the
variable coeﬃcient matrix using hypre SMG for the Unsplit method costs 25% of the total Poisson solution time. Thus, using
Eq. (14), saves computational time even when iterative methods are used.
4. Results
In this section, we test the new pressure-correction method (FastP∗ ) coupled with our volume-of-ﬂuid method [17] in
two canonical ﬂows as well as a more complex ﬂow. The focus is on veriﬁcation and validation of the new ﬂow solver. In all
the simulations, the total mass error for C is less than 10−8 . A prerequisite for a mass-conserving VoF advection scheme is
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Table 4
Temporal errors and convergence rate for velocity (u) and pressure (p) in the Taylor–Green vortex
ﬂow with a ﬂuid 2 cylinder centered in the domain.

u
p

E 4t ,2t

E 2t ,t

Rate

5.94e−8
3.67e−6

1.53e−8
1.84e−6

1.96
0.99

Table 5
Spatial errors and convergence rate for velocity (u) and pressure (p) in the Taylor–Green vortex
ﬂow with a ﬂuid 2 cylinder centered in the domain.

u
p

E 4x,2x

E 2x,x

Rate

6.08e−3
1.04e−1

1.51e−3
2.63e−2

2.01
1.99

a divergence-free velocity ﬁeld. Therefore, another advantage of the FastP∗ is that by solving Eq. (16) directly, the resulting
discrete velocity ﬁeld (Eq. (17)) is divergence free to machine precision.
4.1. Convergence rates
We assess the solver’s numerical accuracy by computing its spatial and temporal convergence rates. Special consideration
is needed when computing the temporal accuracy of the coupled pressure-correction/VoF ﬂow solver because the VoF
advection method uses ﬁrst-order forward Euler to integrate Eq. (41) in time, which is the standard for geometrical VoF
methods [30, Chapter 5, p. 108]. In Section 4.1.1, we compute the convergence rates independent of the method used to
advect the interface by turning the VoF advection off such that C = C (x) for all times. In Section 4.1.2 we present the
convergence rates with the VoF advection turned on, i.e., C = C (x, t ).
4.1.1. Convergence rates without VoF advection
We simulate a ﬂuid cylinder (ﬂuid 2) centered in a two-dimensional Taylor–Green vortex ﬂow (ﬂuid 1) [38]. The nondimensional parameters for the ﬂow are:

Re = 200,

We = ∞,

Fr = ∞,

D = 0.25,

ρ2 /ρ1 = 10,

μ2 /μ1 = 10.

(49)

The ﬂuid velocity in the interior of the cylinder was set equal to the local Taylor–Green vortex velocity at time t = 0. In
time, the vorticity of both ﬂuids decays owing to viscous diffusion.
We simulated the ﬂow on a computational mesh of 2562 points. The smallest time step used was t = 4.88e−5 and
the number of time steps to reach t max = 0.05 was N t = 1024. To evaluate the temporal convergence rate of the solver, the
time step was increased to 2t and 4t (N t = 512 and 256) and we computed the error between successive solutions. The
L 2 error E for generic ﬂow variable ξ is computed as:

E 2t ,t =

1
Nx N y



Ny
Nx 

 (i , j )

(i , j ) 2

ξ2t − ξt
.

(50)

i =1 j =1

Table 4 shows the error between successive time steps and the convergence rate. The convergence rate of the
u-component of velocity is 1.96, therefore the velocity is second-order in time. The convergence rate of pressure is 0.99, thus
it is ﬁrst-order in time. Second-order pressure convergence in time can be achieved if t
Re x2 and periodic boundary
conditions are applied [39]. The condition t
Re x2 is unlikely to be satisﬁed in high Reynolds number (Re) turbulent ﬂows. Therefore, the accuracy of the pressure is expected to be ﬁrst-order for high Re ﬂows and cannot be improved
by switching to semi-implicit or implicit time integration, e.g. Adams–Bashforth Crank–Nicolson scheme (see Appendix A)
when using the pressure-correction method presented. There is a method in which the pressure is 3/2-order accurate in
time, but it was developed for single-phase ﬂow [40].
Next, we assess the spatial accuracy of the solver by successively reﬁning the grid and computing the convergence rate
of the solution. We again solve the above described Taylor–Green vortex case. We used grids with 322 , 642 , and 1282 points,
and we used CFL number t /x = 0.001 such that temporal errors are small. Table 5 shows the error between successive
grid reﬁnements and the convergence rate. Both velocity and pressure have a second-order convergence rate (2.01 and 1.99,
respectively), which is consistent with our central difference discretization in space. In summary, FastP∗ is ﬁrst-order in
time for the pressure, second-order in time for the velocity, and second-order in space for both pressure and velocity.
4.1.2. Convergence rates with VoF advection
We assess the coupled FastP∗ /VoF ﬂow solver’s numerical accuracy by computing the spatial and temporal convergence
rates. The test problem is a two-dimensional capillary wave in a periodic domain. The non-dimensional parameters for the
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Table 6
Temporal errors and convergence rate for velocity component (u), pressure (p), and volume fraction
(C ) in the 2-D capillary wave ﬂow.

u
p
C

E 4t ,2t

E 2t ,t

Rate

7.32e−9
4.67e−7
7.38e−8

3.91e−9
2.32e−7
3.58e−8

0.90
1.01
1.04

Table 7
Spatial errors and convergence rate for velocity component (u), pressure (p), and volume fraction
(C ) in the 2-D capillary wave ﬂow.

u
p
C

E 4x,2x

E 2x,x

Rate

2.52e−5
1.68e−3
1.88e−3

6.33e−6
4.52e−4
5.14e−4

1.99
1.89
1.87

ﬂow are:

Re = 500,

We = 1.0,

Fr = ∞,

H 0 = 0.05,

ρ2 /ρ1 = 20,

μ2 /μ1 = 20.

(51)

We do not use Prosperetti’s solution [41] for computing the convergence rate of the error because it was derived for ﬂuids
of inﬁnite depth and we are using a periodic domain. Instead, we compute the temporal convergence rate by comparing the
error in the ﬂow solution computed using successively smaller time steps t.
We simulated the ﬂow on a 2562 grid. The ﬂow was integrated up to t max = 0.0625, and the smallest time step used
was t = 4.88e−5 (N t = 1280). To evaluate the temporal convergence rate of the solver, the time step was increased to
2t and 4t (N t = 640 and 320), and we computed the error between successive solutions. The L 2 error E for generic ﬂow
variable ξ (u, p, or C ) is computed using Eq. (50).
Table 6 shows the error between successive time step sizes and the convergence rate for u, p, and C . The convergence
rate of u is 0.90, which is slightly less than ﬁrst-order. The convergence rate of pressure and the volume fraction are 1.01
and 1.04 respectively, thus it is ﬁrst-order. Overall, the coupled ﬂow solver is ﬁrst-order accurate in time. The cause of
the ﬁrst-order temporal accuracy, despite using second-order Adams–Bashforth in Eq. (11), is that the volume fraction is
advected by ﬁrst integrating Eq. (41) in each cell and then integrating in time using forward Euler [21,17]. To overcome this
limitation, higher order VoF advection methods have been employed, however they are inadequate for long time simulations
[30, Chapter 4, p. 80]. The ﬂow solver could be made fully second-order by using a second-order in time method to advect
the interface.
Next, we assess the spatial accuracy of the solver by successively reﬁning the grid and computing the convergence
rate of the solution. We solve the above described capillary wave case on 322 , 642 , and 1282 grids. The CFL number is held
constant and set to t /x = 0.0025. Table 7 shows the error between successive grid reﬁnements and the convergence rate.
The velocity, pressure, and volume fraction all have nearly second-order convergence rates (1.99, 1.89, and 1.87, respectively),
which is consistent with our central difference discretization in space (Section 2.2.1) and second-order VoF method [17]. We
conclude that the coupled FastP∗ /VoF method is second-order accurate in space.
4.2. Conservation of momentum and kinetic energy
We have checked for discrete linear momentum and kinetic energy conservation in the inviscid limit by simulating a
ﬂuid cylinder centered in a two-dimensional Taylor–Green vortex using

Re = ∞,

We = ∞,

Fr = ∞,

D = 0.25,

ρ2 /ρ1 = 10,

μ2 /μ1 = 1.

(52)

such that the viscous dissipation of kinetic energy is zero and the interface cannot store energy. We used 1282 grid points
and, at t = 0, the ﬂuid velocity in the interior of the cylinder was set equal to the local Taylor–Green vortex velocity. Fig. 4(a)
shows the time development of the total linear momentum in the xi direction,



p̄ i =

ρ u i dV

(53)

V

normalized by the magnitude of the largest initial momentum vector,
kinetic energy

p0 . Fig. 4(b) shows the time development of the



K=

ρ u i u i dV

(54)

V

for the FastP∗ versus the Unsplit method. Fig. 4 shows that the FastP∗ method and the Unsplit method are in nearly exact
agreement. Also, Fig. 4 shows that the FastP∗ method conserves momentum and kinetic energy. We associate the slight

428

M.S. Dodd, A. Ferrante / Journal of Computational Physics 273 (2014) 416–434

Fig. 4. Time development of (a) the x- (black), y- (red), and z-component (blue) of momentum using the FastP∗ and Unsplit method and (b) the kinetic
energy using the FastP∗ and the Unsplit method. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version
of this article.)

increase in K seen for t > 4 to the increasing deformation of the cylinder interface, and thus decreasing cylinder resolution,
D /x. For t > 4, parts of the cylinder interface are under resolved (D /x < 6) which decreases the accuracy of the VoF
advection algorithm.
4.3. Veriﬁcation: capillary wave
To verify the new pressure-correction method described in Section 2.2, we simulated the capillary wave test case for
which there is an analytical solution that was derived by Prosperetti [41]. This test accounts for the effects of surface
tension, density ratio, and viscosity ratio. This problem is deﬁned as two immiscible ﬂuids separated by an interface that is
initialized with a sinusoidal shape with wavelength λ and small wave amplitude H 0 . Prosperetti’s analytical solution [41]
that we use was derived for two ﬂuids of inﬁnite depth and with equal kinematic viscosities ν .
For our test, we simulated two ﬂuids of equal depth in a periodic domain. The domain has dimensions 0 ≤ x ≤ 1 and
−1.5 ≤ y ≤ 1.5 (64 × 192 grid points). The volume fraction boundary conditions at the bottom and top boundaries are
C = 1 for y = −1.5 and C = 0 for y = 1.5. The interface was initialized using a cosine wave with amplitude H 0 = 0.01 and
wavelength λ = 1.0 centered at position y = 0. The non-dimensional parameters for this case are

Re = 100,

We = 1,

Fr = ∞,

ρ2 /ρ1 = 10–10,000,

μ2 /μ1 = 10–10,000.

(55)

Fig. 5 shows the time development of the wave amplitude H for four cases corresponding to density and viscosity ratios
of 10, 100, 1000, and 10,000. For all cases, the numerical simulation is in excellent agreement with Prosperetti’s analytical
solution, which veriﬁes the pressure-correction method. For the density and viscosity ratio 10 and 100 cases, we used CFL
number t /x = 0.01 so that temporal errors from the VoF advection scheme are negligible [17]. For the 1000 and 10,000
case, we were required to reduce t /x to 0.0025 and 0.00025, respectively, to maintain numerical stability. This reduction
was required for all the pressure-correction methods tested (i.e., Unsplit, FastP∗ , and FastPn ). Therefore, we conclude that this
numerical stability restriction originates from large density and viscosity gradients produced by the VoF’s sharp interface
method and not the FastP∗ method.
4.4. Validation: falling droplet in quiescent air
To validate the new pressure-correction method described in Section 2.2, we simulated falling water droplets of varying
initial diameter ( D̃ 0 = 0.6, 1.0, and 1.4 mm) in quiescent air. We determine if the solver can accurately predict the droplet’s
terminal velocity. We validate our numerical results against Beard’s experimental results [42].
The ﬂow is simulated in the droplet reference frame to avoid the extraordinary computational cost required for the
ﬁxed reference frame. For example, a 1 mm droplet released from rest will travel tens of meters before reaching its terminal
velocity. The computational domain is a rectangular box with dimensions ( L x × L y × L z ) = (16D 0 × 16D 0 × 32D 0 ) and gravity
directed in the negative z-direction. Periodic boundary conditions were imposed in the horizontal x- and y-directions. At
the bottom boundary, we imposed a Neumann condition for pressure and a uniform inﬂow condition for velocity,

∂ p n +1
= 0,
∂z

u ∗ = u n +1 = 0,

v ∗ = v n +1 = 0,

w ∗ = w n+1 = V t,B

at z = 0,

(56)
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Fig. 5. Time development of the capillary wave amplitude for different density and viscosity ratios. Comparison of FastP∗ numerical solution versus Prosperetti’s analytical solution [41].

where V t,B is the droplet’s non-dimensional terminal velocity given by Beard’s formula [42, Table 1]. At the top boundary,
we imposed a Dirichlet condition for pressure and Neumann (stress-free) condition for u, v, and w

p n +1 = 0,

∂ u∗
∂ u n +1
=
= 0,
∂x
∂x

∂ v∗
∂ v n +1
=
= 0,
∂y
∂y

∂ w∗
∂ w n +1
=
= 0 at z = L z .
∂z
∂z

(57)

The non-dimensional parameters given by Eq. (7) are computed using the box width L̃ x as the reference length scale,
Beard’s terminal velocity Ṽ t,B [42] as the reference velocity scale, and the dimensional parameters given in Eq. (43). We
choose the surrounding ﬂuid (air) as ﬂuid 1 and the droplet (water) as ﬂuid 2. The density ratio ρ2 /ρ1 = 829.0, viscosity
ratio μ2 /μ1 = 54.5, and initial non-dimensional droplet diameter D 0 = 0.0625, were the same for all cases. Table 8 shows
the non-dimensional parameters for the three cases of different dimensional droplet diameter studied.
4.4.1. Terminal velocity
The ﬂow is initialized as (ũ , ṽ , w̃ ) = (0, 0, Ṽ t,B ) except in the (initially spherical) droplet interior, which is set to zero. We
simulated the ﬂow on a 512 × 512 × 1024 grid, giving a droplet resolution of 32 grid points per diameter. The simulation is
integrated in time from t = 0 to t = 10, allowing enough time for the droplet to reach equilibrium, i.e., a balance between
the drag and gravitational force. This is marked by the droplet’s vertical centroid velocity being nearly constant in time
(i.e., d Ṽ d /dt ≈ 0). After this condition is met, the numerically determined terminal velocity Ṽ t,DNS can be found from
Ṽ t,DNS = Ṽ t,B + Ṽ d .
Table 8 displays the Reynolds, Weber, and Bond numbers deﬁned, respectively, as

Re D 0 =

ρ̃a Ṽ t,B D̃ 0
,
μ̃a

We D 0 =

ρ̃a Ṽ t2,B D̃ 0
(ρ̃ w − ρ̃a ) g̃ D̃ 20
, and Bo D 0 =
.
σ̃
σ̃

(58)
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Table 8
Falling droplet test parameters. Droplet terminal velocity from Beard’s formula [42, Table 1], Ṽ t,B , and from DNS result, Ṽ t,DNS , and the % difference of the
two velocities.
D̃ 0 (mm)

Re D 0

We D 0

Bo D 0

Ṽ t,B (m/s)

Ṽ t,DNS (m/s)

% difference

0.6
1.0
1.4

95.6
261.8
472.5

0.06
0.26
0.61

0.05
0.13
0.26

2.430
3.994
5.149

2.441
3.990
4.957

0 .4
− 0.1
−3.7

Fig. 6. Instantaneous vorticity contours
isoline).

ω y in a vertical midplane of a water droplet falling in air (Table 8). The white line is the droplet interface (C = 0.5

Also shown in Table 8 are the dimensional terminal velocities and % difference with the experimental value (100 × ( Ṽ t,DNS −
Ṽ t,B )/ Ṽ t,B ). For all three cases, we show excellent agreement with Beard, which validates our VoF/pressure-correction
method.
4.4.2. Droplet wake
For water droplets falling in air with Bo D 0 < 0.26 (i.e., D 0 = 0.6, 1.0, and 1.4 mm), the droplet remains nearly spherical,
speciﬁcally, there is less than 6% deviation in height to width ratio from that of a sphere [43, Chapter 7, p. 178]. Therefore,
like rigid spheres, these droplets’ wakes fall into different regimes depending only on the droplet Reynolds number Re D . To
test the ability of our solver to predict the ﬂow characteristics of these regimes, we have chosen three droplet diameters
such to produce wakes that fall into three different regimes. The ﬁrst regime is for intermediate Reynolds number (20 
Re D  200), which is characterized by laminar, steady axisymmetric ﬂow, with an attached vortex ring [42]. Fig. 6(a) shows
the instantaneous vorticity contours ω y for an x–z midplane of the D̃ 0 = 0.6 mm droplet with Re D 0 = 95.6. The ﬂow solver
correctly predicts the laminar and axisymmetric stationary wake. The second regime is for moderate Reynolds number
(200  Re D  450), which is characterized by asymmetric vorticity in the unsteady wake. Fig. 6(b) shows the vorticity ω y
contours for the D̃ 0 = 1.0 mm droplet with Re D 0 = 261.8. The third regime is for large Reynolds number (Re D  450),
which is characterized by a chaotic wake. Fig. 6(b) shows the D̃ 0 = 1.4 mm droplet with chaotic wake at Re D 0 = 472.5. In
conclusion, our ﬂow solver predicts the main ﬂow features of the droplet wake in the range 95.6 ≤ Re D ≤ 472.5.
To summarize our results for the falling droplet, we found that the coupled pressure-correction/VoF ﬂow solver accurately
predicts the terminal velocity of falling water droplets with diameters D̃ 0 = 0.6 to D̃ 0 = 1.4 mm. Also, the ﬂow solver
accurately predicts the droplet wake when the droplet reaches its terminal velocity.

M.S. Dodd, A. Ferrante / Journal of Computational Physics 273 (2014) 416–434

431

Fig. 7. Time development of turbulent statistics normalized by their initial value. Turbulent kinetic energy (left); dissipation rate (right).

4.5. DNS of droplet-laden isotropic turbulence
To show that the FastP∗ method is capable of solving two-ﬂuid turbulent ﬂows, we performed DNS of droplet-laden
decaying isotropic turbulence. In the simulation we used the following parameters:

Re = 64,200,

We = 1530,

Fr = ∞,

D 0 = 0.03125,

ρ2 /ρ1 = 10,

μ2 /μ1 = 10.

(59)

The initial Taylor-scale Reynolds number is Reλ0 = 75. The computational domain is a cube with side length L = 1 and 10243
grid points. The carrier phase (ﬂuid 1) is randomly seeded at t = 1 with 6260 spherical droplets (ﬂuid 2) with diameter
D 0 = 0.03125, corresponding to approximately one Taylor microscale, λ, and 20 Kolmogorov lengthscales, η . The droplet
2
Weber number based on the carrier phase RMS velocity at release time is Werms = 0.1 (Werms = ρ1 U rms
D 0 We). The droplet
resolution is 32 grid points per diameter and the droplet volume fraction is φ v = 0.1.
The droplets are released at t = 1 and their interior ﬂuid velocity was initially set to zero. The simulation was integrated
from t = 0 to t = 2.5 for 25,600 time steps.4 Fig. 7(a) shows the time development of the turbulent kinetic energy (TKE,
1
u · u)5 of the carrier phase for the droplet-laden ﬂow and the single-phase ﬂow. Note that the TKE was only computed
2
for the carrier-phase. Fig. 7(a) shows that the presence of the droplets increases the TKE decay rate. Next, we computed the
TKE dissipation rate (ε = 2ν si j si j , where si j is the rate-of-strain tensor of velocity ﬂuctuations) for the single-phase and
droplet-laden cases. Fig. 7(b) shows the time development of the dissipation rate for the carrier phase. When the droplets
are injected (t = 1), the dissipation rate becomes larger than that for single-phase ﬂow, thus increasing the TKE decay rate.
Fig. 8 shows instantaneous contours of the strain rate squared si j si j in a cross-section of the full-domain and a close-up
for an arbitrarily selected subdomain. There is increased si j si j in the regions surrounding the droplet surface. Thus, ε (t )
increases in the droplet-laden case compared to the single-phase case. This in turn reduces the TKE relative to the singlephase case. A detailed description of the physical mechanisms of droplet-laden decaying isotropic turbulence will be the
objective of a future paper.
5. Conclusion
We have developed an eﬃcient and second-order accurate pressure-correction method for incompressible two-ﬂuid
ﬂows. The method reduces the Poisson equation for pressure from variable to constant coeﬃcient, starting from a splitting idea by Dong and Shen [13]. However, our numerical tests showed that applying this splitting to the pressure gradient
term (i.e., using Eq. (2) with p̂ = pn , called our FastPn method) is only accurate for vanishingly small surface tension and
viscosity. For viscous ﬂows with ﬁnite surface tension, we showed that p̂ = p ∗ = 2pn − pn−1 should be used (FastP∗ ). Additionally, we veriﬁed FastP∗ up to a density and viscosity ratio of 10,000, and validated the method for a water droplet falling
in air. Finally, we showed that FastP∗ is capable of fully-resolved DNS of thousands of freely moving droplets in decaying
isotropic turbulence on a 10243 grid. In summary, we have shown that FastP∗ :

• reduces the commonly encountered variable coeﬃcient Poisson equation to a constant coeﬃcient equation, which allows
for the use of a direct Poisson solver,

• is in excellent agreement with the Unsplit method,
4
This simulation required 30.7 hours on 1024 cores (Intel Xeon E5-2680 2.70 GHz processor), which gives a grind time of 4.11e−6 sec. The grind time is
deﬁned as the CPU time per grid point per time step.
5
. . . denotes the ensemble average of the enclosed quantity over the grid points occupied by ﬂuid 1.
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Fig. 8. Instantaneous contours in x–z plane of si j si j at t = 2.0. Full domain (left); subdomain close-up (right). (For interpretation of the colors in this ﬁgure,
the reader is referred to the web version of this ﬁgure.)

• is about 10–40 times faster than the Unsplit method and our fast Poisson solver is about 20–60 times faster than
•
•
•
•
•

Multigrid, depending on the tolerance used for Multigrid,
is second-order in space and time for velocity and second- and ﬁrst-order in space and time, respectively, for pressure,
is veriﬁed for density and viscosity ratios up to 10,000,
is validated for a falling water droplet in quiescent air for 95.6 ≤ Re ≤ 472.5, 0.06 ≤ We ≤ 0.61, and 0.05 ≤ Bo ≤ 0.26,
conserves mass, momentum, and kinetic energy (in the inviscid limit),
is capable of fully-resolved DNS of thousands of freely moving droplets in decaying isotropic turbulence on a 10243 grid
in O (10) hours using 1024 computing cores.

We conclude that FastP∗ is well-suited for simulating two-ﬂuid ﬂows requiring high spatial and temporal resolution throughout the domain, e.g., droplet- or bubble-laden turbulent ﬂows. Also, because FastP∗ uses a direct solver, it can be easily
adopted in existing incompressible ﬂow codes that rely on a direct solver. Furthermore, FastP∗ is capable of simulating
ﬂows with Dirichlet and Neumann boundary conditions for pressure by using the appropriate modiﬁcations to the fast
Poisson solver (see, e.g., [4,5]).
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Appendix A. Implicit time integration of viscous terms
In solving the Navier–Stokes equations, the viscous numerical stability restriction (t ≤ (1/2)t ν ) can be eliminated
by treating the viscous terms implicitly using Crank–Nicolson time integration. This allows for a greater time step in low
Reynolds number simulations, which allows t
Re x2 , a requirement for second-order temporal accuracy to be realized
on the pressure [39]. The implicit treatment introduces a variable coeﬃcient Helmholtz equation which has been most
eﬃciently solved iteratively in other two-ﬂuid pressure-correction methods (e.g., in [8]). Instead, we reduce the variable
coeﬃcient Helmholtz equations to constant coeﬃcient equations (similarly to the pressure splitting in Eq. (2)) by using the
basic splitting idea [14,13]. The constant coeﬃcient Helmholtz equation can then be solved directly using a fast FFT-based
elliptic solver (e.g., [4,5]). For time integration, we use second-order Adams–Bashforth for the convective and force terms
and second-order Crank–Nicolson for the diffusive terms [44] which gives:
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u∗ − un

t

=



1 n
1 1 1
∇ · μn+1 D un
3H − Hn−1 +
2
2 Re ρ n+1



+ ∇ · μn+1 D u∗
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(A.1)

with



Hk = −∇ · uk uk +







1

ρ

D uk = ∇ uk + ∇ uk

1

k +1
T

fk+1
We σ
(A.2)

.

The last viscous term in Eq. (A.1) with variable coeﬃcients is split into a constant part and a variable part, and the constant
part is treated implicitly and the variable part explicitly [13], i.e.,

1

ρ n +1
where



∇ · μn+1 D u∗

→ ν0 ∇ 2 u∗ +

1

ρ n +1



∇ · μn+1 D un

− ν0 ∇ 2 un

(A.3)

ν0 = 12 ( μρ11 + μρ22 ). Unlike the pressure ﬁeld, the velocity ﬁeld is continuous across the interface, thus, we do not need

to linearly extrapolate un in time as we did for the pressure in (14) (see Section 3.3). The substitution in (A.3) is consistent
because we recover the constant-property Navier–Stokes equations if we set μ1 = ρ1 = μ2 = ρ2 = 1. Substituting Eq. (A.3)
into Eq. (A.1) gives:

u∗ − un

t

=



1 n
1 1
∇ · μn+1 D un
3H − Hn−1 +
n
+
1
2
Re ρ

+

1 1 
2 Re

ν0 ∇ 2 u∗ − ν0 ∇ 2 un .

(A.4)

Multiplying Eq. (A.4) by (−2 Re /ν0 ) and rearranging terms gives the Helmholtz equation for u∗ :

∇ 2 u∗ −

2 Re

ν0 t

u∗ = −

2 Re

ν0 t

un −

Re 

ν0

3Hn − Hn−1 −

2

ν0 ρ

1
n +1



∇ · μn+1 D un

+ ∇ 2 un .

(A.5)

Eq. (A.5) can be solved using a fast elliptic solver (e.g., [4,5]). Once u∗ is known, the solution algorithm proceeds as described
in Section 2.2 by next computing pn+1 from Eq. (16) and then un+1 from Eq. (17). We have tested the method solving
Eq. (A.5) for the capillary wave case and found excellent agreement with Prosperetti’s analytical solution up to density and
viscosity ratios 10,000.
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